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Abstract 



The correspondence of stationary, axisymmetric, asymptotically flat space-times 
and bundles over a reduced twistor space has been established in four dimensions. 
The main impediment for an application of this correspondence to examples in 
higher dimensions is the lack of a higher-dimensional equivalent of the Ernst poten- 
tial. This thesis will propose such a generalized Ernst potential, point out where 
the rod structure of the space-time can be found in the twistor picture and thereby 
provide a procedure for generating solutions to the Einstein field equations in higher 
dimensions from the rod structure, other asymptotic data, and the requirement of 
a regular axis. Examples in five dimensions are studied and necessary tools are 
developed, in particular rules for the transition between different adaptations of the 
patching matrix and rules for the elimination of conical singularities. 
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CHAPTER 1 



Introduction 



Although initiaUy proposed in four dimensions, the vacuum Einstein Field Equa- 
tions can be studied more generally in n dimensions. Higher-dimensional general 
relativity plays a role for example in string theory [i^, the AdS/CFT correspon- 
dence, which relates the dynamics of an n-dimensional black hole with those of 
quantum field theory in n — 1 dimensions (3^ . [l[ , and scenarios involving large extra 
dimensions and high-energy scattering are discussed in which higher-dimensional 
black holes might be produced in particle colliders 27[. Furthermore, black hole 
space-times are Ricci-flat Lorentzian manifolds and as such central objects of study 
in differential geometry. This list of motivations was taken from [isl . Sec. 1]. 

In four dimensions general relativity has led to various striking results about 
black holes, for example concerning their horizon topology, their classification (see 
references in Section lO]) or the laws of black hole mechanics 0|- Are these features 
exclusive to four-dimensional space-times or do some of them carry over to higher 
dimensions? Answers to these questions would provide valuable insights as well 
as a better understanding of general relativity and its objects like black holes in a 
broader context [13, Sec. 1]. 

In four dimensions stationary and asymptotically-flat vacuum black holes can 
be uniquely classified by their mass and angular momentum, and form a single 
family, the Kerr solutions, see references therein and Theorem 16.21 However, a 
generalization of this statement to five dimensions, which would be a classficiation 
of five-dimensional, stationary, axisymmetric and asymptotically flat black holes by 
their mass and two angular momenta, does not hold as the space-times found by 
Myers & Perry [s^l and Emparan & Reall show. These examples of black hole 
space-times in five dimensions have topologically different horizons, so there cannot 
exist a continuous parameter to link them. Now the task is: Can we determine, or 
at least characterize, all stationary and asymptotically flat black hole solutions of 
the higher-dimensional vacuum Einstein field equations [13|, Sec. 8]? 

Since mass and angular momenta are not enough anymore to classify the solutions, 
an extra piece of information is needed. This extra piece was proposed to be the 
so-called rod structure [ll|, |2l|, |2J] and Hollands & Yazadjiev [2J| were able to 
show that two stationary, axisymmetric and asymptotically flat black hole solutions 
with connected horizon must be isometric, if their mass, angular momenta and rod 
structures coincide. Thus the remaining problem is to prove that the only rod 
structures giving rise to regular black hole solutions are those associated with the 
known solutions or to find new examples. 

Various strategies have been employed in order to address this question, among 
which were direct approaches like the ones leading to the black ring, Backlund 
transformations [13, Sec. 6.6] or other hidden symmetries [ieI. Most often applied, 
however, was the method developed by Belinskii & Zakharov [3[, which uses the fact 
that the Einstein field equations for a stationary and axisymmetric space-time are 
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integrable, see also [13|, Sec. 5.2.2.2]. Via this ansatz they devised a purely algebraic 
procedure for generating new solutions from known seeds that lead for example to 
the discovery of a doubly-spinning black ring by Pomeransky & Sen'kov (37j and a 
candidate for a black hole with a Lens-space horizon 

In this thesis we are going to establish another way of constructing such solu- 
tions from the rod structure and other asymptotic data. The method is based on 
a twistor construction by which a holomorphic rank-(n — 2) vector bundle over a 
one-dimensional complex manifold is assigned to every stationary, axisymmetric 
solution of the vacuum Einstein field equations in n dimensions. Under not very 
restrictive technical assumptions the bundle is fully characterized by only one tran- 
sition matrix, the so-called patching matrix, associated with each r od, and with 
a simple transformation from rod to rod. It was shown by Ward [46| that the 
correspondence can be better understood and made applicable for practical exam- 
ples with the help of a Backlund transformation. This was studied extensively in 
Hi, El, El , but an application in more than four dimensions is not feasible without 



a generalization of the Ernst potential. 

As a first result we will therefore show that a modified version of a matrix already 



given in 3l| satisfies the desired requirements. 

Theorem 1.1. Let J he the matrix of inner products of Killing vectors for a 
stationary and axisymmetric space-time in n dimensions. Then for any given rod 
(ai,ai+i) the matrix 

detA \^ _^ deti-i-f xx' 

where A is adapted to (a^, Oi^i) and x is the vector of twist potentials for (a^, Oi^i), 
is called higher- dimensional Ernst potential adapted to (ai,aj_|_i) and obtained from 
J by a Backlund transformation. 

Following that, we quickly check that important results in four dimensions hold in 
the same way in higher dimensions. Among these results is the important fact that 
the patching matrix is the analytic continuation of the Ernst potential J'(0,z) = 
P{z). 

As the second step we calculate the patching matrices P for the major exam- 
ples in five dimensions, which essentially requires the computation of various twist 
potentials on the axis r = 0. 

More importantly, the twistor correspondence provides a procedure for generating 
solutions from a given rod structure together with the asymptotic quantities, that 
is based on the fact that P has simple poles at the nuts of the rod structure and 
the known fall-off towards infinity. However, this ansatz contains numerous free 
parameters and the aim is to fix these in terms of the given data by the use of 
boundary conditions. For this it is inevitable to find out how the patching matrices 
with adaptations to the different axis segments are related. 

First this is done for the outer sections of the axis. 

Theorem 1.2. Assume that we are given a rod structure with nuts at {ai\ai € 
]R}i<i<Ar. If P+ is the patching matrix adapted to {0^,00), then P_ — MPI^ M 

with A/ = ^0 1 0^ is the patching matrix adapted to (—00, ai). 

With the help of this connection we are able to reconstruct the known space-times 
flat space, Myers-Perry and the black ring from the rod structures with up to three 
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nuts. However, we are not able to fix the conicality of tlie black ring, which needs 
further investigation of the beliaviour of J, P and the conformal factor (appearing 
in the cr-model form of the metric) in a neighborhood of a nut. A definition of the 
(w, u)-coordinatcs can be found in Section [ID. 21 



Theorem 1.3. For a space-time regular on the axis the generic form of J in 
{u, v)- coordinates around a nut at u — v = 0, where two spacelike rods meet, is 



( Xo 



J = 



V 



(1.1) 



and, furthermore, one needs 



Wn 



~ 1 as a function of v on u ~ 0, 
= 1 as a function of u on v = 0. 



If one of the rods is the horizon instead of a spacelike rod corresponding statements 
hold. 

Building up on this, we obtain the following results about the conformal factor. 

Proposition 1.4. On a segment of the axis where u = we have = 
constant, and similarly where v ^ 0. Therefore, the factor (u^ + w^) e^" is con- 
tinuous at the nut u = v = and with the conventions leading to (jl.ip . the absence 
of conical singularities requires 

lim C/q = lim Wq. 

v~+Q ti— >-0 

Last in the set of tools we show how P switches when going past a nut. 

Theorem 1.5. Let at z = a be a nut where two spacelike rods meet and assume 
that we have chosen a gauge where the twist potentials vanish when approaching the 
nut. Then 



P_ 



\ 2{z~a) 



2{z - a) 




/ 







V 2{2 



[z - a) 

where P^ is adapted to u = and P^ is adapted to v ~ 0. 



2(z-a 

1 




By this we can impose more boundary conditions on the free parameters in P 
that are possibly left and we have enough at hand to solve the conicality problem 
as exemplified for the black ring in Section flO. 51 

This thesis is structured as follows. In Chapters[21[31[31[ni[7]we give a detailed de- 
scription of the background material in order to make the thesis more self-contained, 
to familiarize the reader with the established construction and to identify the points 
which impede a generalization to higher dimensions. The material for this purpose 
is mainly taken from 33|, |17[ . In Chapter [S] we revisit some relevant facts about 
black holes. The aforementioned generalization of the Ernst potential follows in 
Chapter [SI succeeded by the patching matrices for the examples in Chapter 
Chapter IIUI contains the reconstruction of P from the rod structure, results about 
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the relation of different adaptations of P across nuts and the removal of conical 
singularities. 



CHAPTER 2 



Mathematical Background 



This chapter is mainly based on Mason & Woodhouse [33, Ch. 2] and gives a 
brief summary of some mathematical tools which are needed later on. It is far from 
exhaustive, and some parts are only aimed to make the reader familiar with the 
notation used. In particular, we assume basic knowledge about principal bundles 
and Yang-Mills theory as can be found for example in 2^, 3^1 • 



The starting point for twistor theory is complex Minkowski space CM. For our 
purposes double null coordinates are often convenient, that is coordinates on CM in 
which the metric takes the form 



and the volume element is 



ds^ ~ 2{dz dz — dw dw), 



V = dw A dw A dz A dz. 



Then the vector fields ^w^ dw, i9z, (^z form a null tetrad at each point of CM. In 
general, a basis of 4-vectors {M^, M^, Z, is called a null tetrad if 

^{Z, Z) = -j]{W, W) = l, 24 iy(W, W, Z,Z)^l 

where ry is the metric tensor on CM, and all other inner products vanish. 

Within this setting we can recover various real spaces ("real slices") by imposing 
reality conditions on it;, w, z, z. 

• Euclidean real slice E: We identify real Cartesian coordinates a;°, x^, , 
x'^ with w, w, z, z via 

z w \ 1 / + ia;^ — + ix^ 

2 I ^0 



w z J \ X + ix X — ix 

That is, we get E by imposing the reality conditions w = —w and z = z. 
• Minkowski real slice M: The real coordinates x^ , x^, x'^, x^ on M are 
identified with w, w, z, z via 

z w \ 1 I x'^ + x^ x^ — ix^ 



w z J \ x"^ + ix^ x'^ ~ x^ 

that is we pick out the real space by the condition that z and z should be 
real, and that w ~ w. 

For the definition of self-duality and anti-self-duality we need the Hodge star 
operation. To clarify notation and conventions first a short reminder. Let [M, g) 
be an n-dimensional Riemannian or pseudo-Riemannian manifold. Given a p-form 
j3 on M with (skew-symmetric) components Pab...c its exterior derivative d/3 has 
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components d^aPbc.d] where the square brackets stand for antisynimctrization0 
The exterior or wedge product /3 A 7 with a g-form 7 has components 

/3[a6...c7de.../]- 

Now let e be the n-dimensional alternating symbol, that is S[a...b] = £a...b and 
£o...n = 1, and A = ^\ det{gab)\- We then define the {Hodge) dual of p to be the 
(n — p)-form */3 with components 

*^ab...c=J^^^e^b.J'---'P,e...f, (2.1) 

where indices are raised and lowered with the metric gab or its inverse g""^. To 
see that the definition is actually independent of the basis consider p vector fields 
Xi, . . . , Xp with their covariant images di, . . . ,9p (according to the metric) and fix 
a volume form d vol. Then */3 is defined as the unique {n — p)-form satisfying 

PiXi, ...,Xp) dvol = A 6*1 A ... A 6lp. 

This is a basis independent definition of and coincides with (|2.ip . since in coor- 
dinates 

dvol Aea...d- 

Thus one can think of */3 as the complement of /3 with respect to the volume form 
(and the appropriate prefactor) . For example in terms of an oriented orthonormal 
basis ei, . . . , e„ (of a vector space) the Hodge star operation is defined completely 

by 



*(eii A . . . A CiJ = Ej^^j A . . . A ei 



where {ii, . . . , z^, ik+i, • ■ • , in} is an even permutation of {1, . . . , n}. Of particular 
interest for us are 2-forms on (CM, 77) where we have 

Using the properties of the alternating symbol, it follows that the Hodge star oper- 
ation is idempotent, that is ^'^ = 1, thus has eigenvalues ±10 



Definition 2.1. A 2-form is called self-dual (SD) if *f3 — /S, and anti- self- dual 
(ASD) if *I3 ^ -13. 

The space of 2-forms then decomposes into the direct sum of eigenspaces, because 
in double null coordinates we have 

a = dw A dz, a = dw A dz, oj = dw A dw — dz Adz (2-2) 

as a basis for SD 2-forms, and 

dw A dz, dw A dz, dw A dw -I- dz A dz 

as a basis for ASD 2-forms. 



^For a tensor 

T[ab...c] = — sgn{o-)To.(a)CT(i,) ^(c) 

where Sp is the group of permutations of p elements. The symmetrization T(^ab...c) is defined in 
the same way but without the signum. 

"^In general, on a Riemannian manifold (M, g) for a p-form /3 it is = (— where s is 
the signature of g. For complex manifolds the concept of signature is void, thus we can set s = 1 
and then = id for 2-forms on a four-dimensional manifold. 
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Let E he a, rank-n vector bundle with a connection D, that is a differential 
operator that maps sections s of E' to 1-forms with values in E and in a local 
trivialization it is given by 

Ds = ds + <f>s 

where <f> is matrix-valued f-form called gauge potential, potential or sometimes also 
connection. In a general gauge theory, that is a principal bundle P{M, G) over a 
(pseudo-) Riemannian manifold M with with gauge group G C GL(n), the curvature 
of D is the matrix- valued 2-form F = Fat dx° A dx^ with 

Fab^da'^b-db<^a + [<^>a,<i>b]. 

The Yang-Mills equations are 

DF = 0, D*F = 

where the first one is called the Bianchi identity and the second one is the 
Euler-Lagrange equation of the Lagrangian density 5 tr(F A *F) = jtT{FabF°'''). 
We then see that if F is SD or ASD then D * F = ±DF 0, that is the second set 
of Yang-Mills equations follow from the Bianchi identity. 

Important objects for twistor theory is null 2-planes. 

Definition 2.2. Let n be an affine 2-plane in CM and the normal bundle of 
n. The 2-plane U is called (partially) null if {0} c TH^ n c TH^ for all p G H, 
and it is called (totally) null if TH n H-^ = TH. 

Hence, totally null means that ri(A, B) — for all tangent vectors A, B of H. 
From now on when we speak about null 2-planes we will always mean totally null 
2-planes (unless mentioned differently). With each null 2-plane n we associate a 
tangent bivector n ~ A A B where A, B are independent tangent vectors of 11. The 
tangent bivector has components tt"'' = A'^"B''^. 

Lemma 2.3. IfH is a null 2-plane, then TTabT^""^ — 0, and HabAx"' A dx^ is either 
SD or ASD. 

Proof. First of all we observe that tt is determined up to scale by the tangent 
space of n, because another choice of independent tangent vectors can be written as 
a linear combination of A and B and thus gives the same tt up to a nonzero scalar 
factor. Conversely, the tangent space of H is given by all with HabP^ = 0, since 
A, B are null and orthogonal. But tt can also be characterized up to a nonzero 
scalar factor by the condition that -^iTabP^ = for all P'' tangent vectors of H. This 
follows from -Kab = ^[a-^h], and -^iTab ~ ^abcd^'^^'^ which implies that ^iTabP^ if 
and only if P is a linear combination of A and B. Hence, tt = /i * tt for some 11 ^ 0. 
However, the eigenvalues of * are ±1, therefore tt^j, = ^TTab or n^f^ = — * iTab, that 
is TT SD or ASD. Again from iTab ~ ^[a-Bfc] a-^d the fact that A, and B are null and 
orthogonal it is obvious that TTahTr"'' = 0. □ 

Definition 2.4. An affine null 2-plane H is called an a-plane if tt is SD and a 
/3-plane if tt is ASD. 

In double null coordinates the surfaces of constant w, z and w, z, respectively, 
have tangent bivectors dwAdz and dwAdz, respectively, and are therefore a-planes. 

If TT is the tangent bivector of an a-plane through the origin, then it must be 
a linear combination of the 2-forms in (|2.2p . It is only determined up to a scalar 
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factor, that is we can set the coefficient of dw A dz to f without loss of generahty. 
Then we have 

TT ~ dw A dz — ({dw A dw — dz A dz) + fi dw A dz. 

So, the nonzero coefficients are tt^z = 1, t^ww = ^t^zS ~ s-J^d tthiz ~ fi. Then the 
requirement from Lemma 12.31 turns into 

Oab ac bd a2 /■2 . . /■2 

This imphcs 

^ab ^ j^[aj^jb] 

where 

L = d.^-Cdz, M = dz'Cdn, 

for some C S C. The case where the coefficient of dw A dz vanishes yields C = 0, so 
that TT = dw A dz (up to a constant) and L = d^, M = dz- There is no point in 
the argument where we needed that our null tetrad is induced by coordinates, that 
is the above statement is also true if we set L = — C,Z and M ~ Z — C,W for 
some null tetrad W , W ^ Z, Z not necessarily induced by coordinates. Conversely, 
L and M span an a-plane through the origin for every G C. Including the point 
C = oo by mapping it to the a-plane spanned by and dz then yields a one-to-one 
correspondence between a-planes through the origin and points of the Riemann 
sphere, II;^ -f-?- ^. This correspondence will be important for the characterization of 
twistor spaces. 

As a last point in this chapter a reminder about equivalence and reconstruction of 
holomor phic vector bundles (these statements can be found in standard textbooks 
such as (20I . [Tsj). Let tt : — > X be a rank-r holomorphic vector bundle with 
an open cover {Ui)i^i of X and trivialization functions (biholomorphic maps) hi : 

The (holomorphic) transition functions gij : Ui O Uj — GL(r, C) for all i,j^I 
are obtained from the biholomorphic maps 

g,^ hi o hj^ : U, f] U.j -^0^0 x C\ 

which are of the form gij(x,v) — (x, gij(x)v). By construction the transition func- 
tions obviously satisfy the relations 

9ij93k = gik, gu = id. (2.3) 

Two holomorphic vector bundles E X and F X are called isomorphic if 
there exists a bijective map f : E F such that / and its inverse are vector bundle 
homorphisms, that is / is a fibre-preserving holomorphic map tte = t^f ° f such 
that for any x £ X & linear map fx '■ E^ ^ F^ is induced and analogously for the 

Given two systems of transition functions, {gij)i,jei and {giiji)iiji^i with covers 
{Ui)i^i and (T^')i'g7', then they are called equivalent if for a common refinement of 
the open covers {Wk)k£K there are holomorphic maps fk ■ Wk — >■ GL(r, C) with 

fkgu — gkifi- 

The transition functions with respect to the refined cover can be taken as the re- 
strictions of the initial transition functions and a common refinement is for example 
obtained by taking all possible intersections of Ui and Vi' . 
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Proposition 2.5. For holomorphic vector bundles the following statements hold. 

(1) Let {Ui\i^i be an open covering of X , and let gij G Gljr{Ox{Ui D Uj)) 
satisfy the cocycle relation (|2.3p . Then there exists as holomorphic vector 
bundle E of rank r with these transition functions, f^ / 

(2) Isomorphic bundles can be represented by equivalent systems of transition 
functions. 



CHAPTER 3 



Twistor Space 



In this chapter the twistor space for complexified Minkowski space is introduced 



using Mason & Woodhouse [33|, Sec. 9.2] 



3.1. Definition of Twistor Space 

In the previous chapter we have seen that a-plancs through the origin in CM are 
spanned hy L = dw — C^z and M = dz — C^w or by dw and dz in the hmiting 
case (C = oo). As before, the coordinates w, z, w, z will always be double-null 
coordinates. Thus, a general a-plane, not necessarily passing through the origin, 
is labelled by three complex coordinates: the parameter C which determines the 
tangent space, together with the parameters 

\ = C,w + z and = C,z + w (3.1) 

that are constant over the a-plane. 

Definition 3.1. The twistor space of CM is the three-dimensional complex man- 
ifold consisting of all (afhne) a-planes in CM. 

A way to determine the global geometry is by writing the equations of an a-plane 
in homogeneous form 

zZ"^ + idZ^ = Z^, wZ'^ + zZ^ = Z^ (3.2) 

with complex constants Z" , a = 0, 1, 2, 3. The order of these constants is a conven- 
tion in twistor theory. If Z'^ ^ 0, then (j3.2p is equivalent to (|3.1|1 for 

Z^ _Z^ Z3 

In the case = 0, 0, the parameter C, must be infinite and the tangent space 
is spanned by and dz- Consequently, we can identify the twistor space of CM 
with an open subset of CP'^ if we include this a-plane of constant tD, z and regard 
the Z"s as homogeneous coordinates. 
The excluded points of CP^ are 

/ = I [Z" : : : Z'^\ G CP^ : Z"^ = Z"^ = o|. 

There are 2 homogeneous coordinates left which parameterize /, hence it is a CP^ 
and the twistor space of CM is, as a complex manifold, CP'^ — CP"'^. We can cover 
the twistor space of CM by two coordinate patches V and V with V being the 
complement of the plane = (that is the plane C = oo) and V being the 
complement of the plane Z^ = (that is the plane ( — Q). The parameters A, /x, ( 
are coordinates on V, and on V we can use coordinates A, jl, with 

~ ZO , _ Zi ~ _ Z2 

Z3 ' " Z3 ' ^ " Z3 ' 
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3. TWISTOR SPACE 



which on the overlap V DV gives the relations 



For the twistor space we denote by T the copy of on which (Z", Z^, Z^, Z^) are 
linear coordinates, and by PT the corresponding projective space CP^. 

Now let U C CM and assume that its intersection with each a-plane is connected 
(but possibly empty) Q 

Definition 3.2. The twistor space of U is the subset 



of PT. 

If U is open, then V is open, and if [/ = CM, then V is the complement of /. 
Remark 3.3. 

(1) For many aspects of twistor theory it turns out that spinor calculus is a 
suitable tool. However, in our context we do not gain anything by using 
spinors and thus they are not going to be introduced in this work. 

■ 

(2) The Klein correspondence shows that compactificd CM together with 
the complex conformal group can be identified with a CP'^ C CP^, the 
Klein quadric, together with the so-called projective general linear group 



3.2. Lines in PT 

The equations (|3.2p allow further conclusions: if wc hold w, z, w, z fixed, and 
vary Z", then the equations determine a two-dimensional subspace of T, that is a 
projective line in PT. This is the Riemann sphere of a-planes through the point in 
CM with coordinates w, z, w, z which we denote by x. It corresponds to the twistor 
space of {x} C CM. 

Two points x,y £ CM are null separated if and only if they lie on an a-plane, 
hence if and only if xHy 0. In other words, two lines in the twistor space intersect 
if and only if the corresponding points are separated by a null vector. A conformal 
metric (that is a class of conformally equivalent metrics) is completely determined 
by saying when two vectors are null separated (Appendix |^ . Hence, the conformal 
geometry of CM is encoded in the linear geometry of PT. 

3.3. The Correspondence Space 

Let [/ be a subset of CM. The correspondence space T is the set of pairs (a;, Z) 
with x £ U and Z an a-planc through x. It is fibred over U and V by projections 



V = {Z €¥T 



znu i^0} 





u 



V 



The connectivity assumption is not necessary for the considerations in this chapter, but will later 
make the Penrose- Ward transform work in a natural way. 
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which map (x, Z) to x and Z, respectively, see Figure[T](the hnes through x respec- 
tively y in J-' visualize the projective lines of a-planes through x respectively y). The 




Figure 1. The correspondence space between U and its twistor 
space V. [13 

projection maps p and q are surjective. Points in J-" are labelled by {w,z,w,z,^) 
(including C. = oo), and the coordinate expressions for the projections are 

p : {w, z, w, z, (A, fi, C) = {(w + z,Cz + w, C), 
q : {w, z, w, z, C) i— ;> (it;, z, w, z). 

The tangent spaces to the leaves of the fibration of p arc spanned at each point by 
vector fields I = 9,„ — C,di and m = dz — (did on J^. 

A function on T' is a function of the twistor coordinates (A,/i,C), and pulling it 
back hy p : F ^ V therefore yields a function on the correspondence space F that 
is constant along I and m. 

3.4. Reality Structures 

In the previous chapter we saw that the real slices are characterized as fixed point 
sets of an antiholomorphic involution a : CM CM. Using double-null coordinates 
(T was defined for the two cases as 

(E) a{w, z,w, z) = {—w, z, —w,z), 
(M) a{w, z,w, z) = {w,'z,W, z). 
For M this picks out a real hypcrsurfacc PN C PT by Z n (t(Z) + 0. The a-plane 
Z has complex dimension 2, and by imposing Z H (t(Z) ?i in the M-case we add 
three real conditions which leaves one real degree of freedom. Hence, if Z G PN — /, 
then Zr)(j{Z) is a real line that is null (a-planes are totally null), that is a real null 
geodesic. In turn, given a real null geodesic we can pick two points x, y on it. They 
are null separated, and determine an a-plane Z as described above. Furthermore, 
they are real points, thus Z n a{Z) + which means Z G PN — /. Therefore, we 
have shown that PN — / is the space of real null geodesies. Together with what we 
have seen in the last chapter this implies that the set of real null geodesies through 
a real point .t e M is a Riemann sphere. Figure [U depicts the correspondence in 
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this real case. It also indicates how a point in PN — / corresponds to a locus in M 




Figure 2. The correspondence between M and PN — /. [H] 

and a point x e M represented by its light cone corresponds to a locus (Riemann 
sphere) in PN — /. Thus, the relationship between U and its twistor space P is a 
non-local correspondence in general. 



CHAPTER 4 



The Penrose- Ward Transform 

This chapter is about the Penrose- Ward transform which associates a solution 
to the anti-self-dual Yang-Mills (ASDYM) equation on a domain U in CM to a 
holomorphic vector bundle on the twistor space V of U, using Mason & Woodhouse 
m, Sec. 10.1 and 10.2]. 

That raises the question: What is the special importance of the ASDYM equa- 
tion for our considerations? To answer this, we have to say a few words about 
integrable systems. In classical mechanics the notion of integrability is a precise 
concept. However, for systems obeying partial differential equations in which there 
are infinitely many degrees of freedom, we do not have a clear-cut characterization 
of integrability. A lot of theories were developed and it is easy to give examples of 
'integrability', yet there is no single effective characterization that covers all cases 
[H, Ch. 1]. 

But whatever the definition of integrability is, a reduction of an integrable system, 
which is obtained by imposing a symmetry or specifying certain parameters, always 
yields another integrable system. Thus we have a partial ordering, in the sense that 
we say system A is less than system B if ^ is a reduction of B. This ordering 
motivates the search for a 'maximal element', that is an integrable system from 
which all others can be derived. Such a system has not yet been found, but it turns 
out that almost all known systems in dimension 1 and 2, and a lot of important 
systems in dimension 3 arise as reductions of the ASDYM equation [s^, Ch. 4.1]. 

The example of special significance for us will be the Ernst equation for stationary 
axisymmetric gravitational fields. 

4.1. Lax Pairs and Fundamental Solutions 

Let D be a connection on a complex rank-n vector bundle E over some region U in 
CM, and F its curvature 2-form. If D = d -|- <&, then F = Fab da;" A dx^, where in a 
coordinate induced local trivialization 

Fab^da^b-db<i>a + [<^>a,<^b]. 

The ASD conditions then take in double-null coordinates the form 

= - d^-p, + $^] - 0, 

Fin, = ^2$^ - + $tD] = 0, 

(4.1) 

+ [$„$,-] - [$^,$^] =0. 

With 

Du, = du, + 0^ = 9^ + Di, = du, + ^w, Di = ^5 + $2 

15 
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the ASD condition can be written as 

[D,,D,„] = 0, [Dj,D^] - 0, [D^D,] - [D^,D^,] = 0, (4.2) 

so that the ASDYM equation corresponds to the vanishing of the curvature on every 
a-plane. Equivalently, we can require that the Lax pair of operators 

should commute for every value of the complex 'spectral parameter' C, where L and 
M act on vector-valued functions on CM. 

This last compatibility condition says that for a section s of represented by a 
column vector of length n, the linear system 

Ls = 0, Ms = 

can be integrated for each fixed value of C,. Therefore, putting n independent solu- 
tions together, we obtain an n x n matrix fundamental solution / (dependent on 
C) such that the columns of / form a frame field for E consisting of sections that 
are covariantly constant on the a-planes tangent to dw — C^i and dz — C^^w- Hence- 
forth, we suppose that U is open and that each a-plane that meets U intersects it 
in a connected and simply connected set, for example U an open ball. The second 
condition about simply connectedness ensures that the sections are single valued. 
The matrix / satisfies 

{d^ + '^^)f - Cidz + ^z)f = 0, 

(4.3) 

{dz + $,)/ - adn, + $»)/ = 0, 

and depends holomorphically on ^ (varied over the complex plane), and the coor- 
dinates z, w, z. However, if / were regular, by which we mean holomorphic 
with non-vanishing determinant, on the entire C-Riemann sphere, then Liouville's 
theorem would imply that / is independent of Consequently, 

^wf = Bzf = B^,f = Bsf = 0, 

in other words / were covariantly constant and the connection flat. 

Given a choice of gauge, / is unique up to / i— > fH where iJ is a non-singular 
matrix-valued function of C, w, z, w, z such that 

dn,H - CdzH = 0, dzH - Cdn,H = 0. (4.4) 

So, H is essentially a function of A = C,w + z, ^ = C,z + w and C- 

If V denotes the twistor space of [/, and V is a. two-set Stein open cover of 7^ 
such that V is contained in the complement of C = oo, and V is contained in the 
complement of C = 0, then / can be regarded as a function on the correspondence 
space J" and H as the pull-back of a holomorphic function on V , as by (|4.4p H is 
constant along the leaves oi p : T ^V. 

If D is not flat, / cannot be chosen so that it is regular for all flnite values of C, 
and at C = oo. However, with <^ = ^ we get a solution / for the linear system 

CD.,/ - Ds/ = 0, CD./ - D^/ = 0, (4.5) 

which is holomorphic on the whole C-R-icmann sphere except for C = 0. This solution 
is unique up to / h- > /iJ, where H is holomorphic on V and satisfies the equation 
corresponding to (|4.4p . 



"'^For Stein manifolds see for example Field [isl . Def. 4.2.7] and how the two-set cover can be chosen 
see for example Popov [381 Sec. 3.3]. 
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4.2. The Patching Matrix 

On the overlap of the domains of / and / in we must have 

./ = fP, 

where P satisfies (|4.4p . and thus it is the pull-back by p of a holomorphic function 
on V nV. We call P patching matrix associated to D. It is determined by D up 
to equivalence P ^ H~^PH where H is regular on V, H is regular on V and both 
satisfy (|4.4p . The matrices in the equivalence class of P are called patching data of 
D. If P is in the equivalence class of the identity solution, then P = H~^H, hence 

JH = fH. (4.6) 

The left-hand side of (|4.6p is regular in V, and the right-hand side is regular in V, 
so we have a global solution in and therefore vanishing curvature. If there is no 
such solutions, the curvature has to be nonzero. 

The transformation of $ under a gauge transformation is 

<I> $' = g^^^g + g^^ dg, 

where 5 is a function of w, z, w, z with values in the gauge group. A solution for 
the new potential can be attained by replacing / i— > g^^f and / 1— > g^^f, which 
leaves the patching matrix unchanged. 

We have obtained a map which assigns patching data to every ASDYM field. It 
is called forward Penrose- Ward transform. Indeed, the converse is true as well, that 
is a patching matrix encodes an ASDYM field. 

4.3. The Reverse Transform 

For the following arguments we need the so-called Birkhoff's factorization theorem. 
We do not state it in full precision, but only to the extend that is necessary here 
(for more details see Mason & Woodhouse [33|, Sec. 9.3]). 

Suppose P{X, /i, C) is holomorphic matrix-valued function on V H V with non- 
vanishing determinant. Birkhoff's factorization theorem says that for fixed values 
of w, z, w, z we can factorize P in the form 

p(Cii; + z,cz + u;,c) = r'A/, 

where f{w,z,w,z^(^) is regular for |C| < 1, /(w,z,w, z, C) is regular for |C| > 1 
(including ( = 00), and A = diag(C'"^ , ■ • ■ , C'^") for some integers fci, . . . , fc„ which 
may depend on the point in CM. For functions P for which A = 1, this factorization 
is unique up to / i— > c/, / 1— > of for some constant c G GL(n,C). Furthermore, 
given a P such that A = 1 at some point of CM, then A = 1 in an open set of CMo 
Given a Birkhoff factorization for fixed (w, z, w, z) such that 

p{Cw + ~z,(:z + wx) = r^f. 



This statement is consequence of Birkhoff's factorization theorem. If P{w, C,) depends smoothly 
on additional parameters w = {w\,W2, ■ ■ ■) and A = 1 at some point ui, then A = 1 in an open 
neighbourhood of w, and /, / can be chosen such that they depend smoothly on the parameters. 
The statement also holds if we replace 'smooth' by 'holomorphic' in the case that P depends 
holomorphically on (in a neighbourhood of the unit circle) and on the complex parameters w. 
Attempts to extend the factorization to the entire parameter space typically fail on a submanifold 
of codimension 1, where A 'jumps' to another value than the identity l33l Prop. 9.3.4]. 
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we can recover $ in terms of / or / by 

- Cfz = + cd,f)f-^ = i-d^f + Cdsf)f-^ (4.7) 

with a similar equation for the other two components. By the uniqueness statement 
any other factorization is given by /' = gf, /' = gf, where g is independent of C.. 
The new potential which is obtained from /', /', is related to the previous one 
via 

<i>^g-^^'g + g-^dg. 
This is obvious regarding (|4.7p . Hence, P determines $ up to gauge transformations. 

It remains to show that our patching matrix P is the same as the one that is 
associated to the ASDYM field we have just constructed. In other words, we must 
ensure that applying first the reverse and then the forward Penrose- Ward transform 
to the function P gets us back to the starting point. 

Suppose P is chosen such that A = 1 at some point of CM, then A = 1 in an 
open set U of CM. The constancy of P along du, — C^z implies 

= (9» - cd,)if-'f) - -r'iidw - c9.-)/)r V + r - c^i)/, 

or equivalently 

(dr^f - CdzDf-' = {d^f-Cdzf)r\ (4.8) 
at every point in U and for all C, in some neighbourhood of the unit circle. The left- 
hand side of (|4.8p is holomorphic for \C, \ < 1, and the right-hand side is holomorphic 
for ICI > 1 except for a simple pole at infinity. Therefore, by an extension of 
Liouville's theorem both sides have to be of the form 4- C^z, where 4>u, and 
$2 are independent of C- We take them to be the two components of The 
same procedure with dz — (dw instead of dw — (dz defines $z and Then, by 
construction 

D^Z-CD^/^O, D,~CD^/ = 0, 
where D = d + <f> acts on the columns of /. Thus, the linear system associated to 
D is integrable, and D = d + $ is ASD. 

The above constructions gives an explicit formula of the potential $ using / and 

/• 

Lemma 4.1. The gauge potential $ is given in terms of f and f by 

$ = hdh-^+hdh-\ 

where h= fL „ and /i = f L 

Proof. Setting C = in (|4.3p gives the first two components ^z] setting 
C = in (|4.5p gives the second pair of components ^z- □ 

So, we have shown that D can be recovered from the patching matrix, and indeed 
even more, namely that any patching matrix such that A = 1 at some point of CM 
generates a solution of the ASDYM equation in an open set of CM. 

4.4. The Abstract Form of the Transform 

The construction as described so far is very explicit and suggests that it depends 
on the cover V , V and the chosen coordinates. However, it does not show, as stated 
in its abstract form, that the transform is in fact between ASDYM fields on U and 
holomorphic vector bundles on V. The above choices were only a way to represent 
the bundle in a concrete way. 



4.4. THE ABSTRACT FORM OF THE TRANSFORM 
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If D is an ASD connection on a rank-n vector bundle B — > [/, then the patching 
matrix P onU determines a rank-n vector bundle B' ^ V , where P can be regarded 
as the transition matrix between the holomorphic trivializations (of B') over V and 
V . The fibre of B' attached to a point Z \s 

B'z^{seV{ZC^U,B) : D,s|^^^ = 0}, 

where T{Z n U, B) is the space of sections of B over Z n C/. That is the fibre 
over an a-plane Z & V is the vector space of covariantly constant sections of B 
over Z O U with respect to D. Because P has the Birkhoff factorization with 
A = 1 at each point of U, the restriction of B' to each line in V corresponding 
to a point in U is holomorphically trivial. The holomorphic bundle is uniquely 
determined up to equivalence by D, as the freedom in the construction of P from D is 
precisely the freedom in choice of two local holomorphic trivializations. Conversely, 
given B' ^ V, the patching matrix P (and hence D) can be recovered in a direct 
geometrical way. 

Theorem 4.2 (Ward Let U C CM be an open set such that the intersection 

of U with every a-plane that meets U is connected and simply connected. Then 
there is a one-to-one correspondence between solutions to the ASDYM equation on 
U with gauge group GL(n,C) and holomorphic vector bundles B' ^ V such that 
B'\^ is trivial for every x U . 

Proof. See Mason & Woodhouse [H, Thm. 10.2.1]. □ 



CHAPTER 5 



Yang's Equation, cr-Model and Ernst Potential 



We will see how the ASDYM can be written in a form called Yang's equation 
using Mason & Woodhouse [33|, Sec. 3.3]. Then it is shown how Yang's equation 
turns by a symmetry reduction into the Ernst equation which describes stationary 
axisymmetric solutions to the Einstein equations [ssl . Sec. 6.6]. 



5.1. Yang's Equation and the J-Matrix 

The ASD condition on the curvature 2-form *F = —F is coordinate-independent 
and invariant under gauge transformations as well as under conformal isometrics of 
CM. It can be written in other forms that are more tractable for certain aspects, 
even though some of the symmetries are broken. 
The first two equations of (|4.1|) . equivalent to 

[D,,D^] =0, [D2,D,-„] -0, 

are an integrability condition for the existence of matrix-valued functions h and h 
on CM such that 

d^th + 'Pah^Q, dih + <pji = 0. 

The potential $ determines h and h uniquely up to /i M- hB^ h M- hA, where 
B and A are matrices depending only on z and w, z, respectively. For a gauge 
transformed potential $ i— >■ g^g^^ +g~'^ dg we can replace h i— >■ g~^h and h i-^ g~^h, 
which leaves the expression h~^h invariant. 

We define Yang's matrix (50| as J :— h~^h. It is determined by the connection 
D up to J I— >■ A~^JB. Note that h and h satisfy the same differential equations 
as those in Lemma 14.11 Thus, the definition for Yang's matrix is equivalent to 
J — f{C — 0)/~^(C ~ oo) with / and / as in Chapterd) To consider the converse 
direction let J ~ h^^h he a Yang's matrix. The connection D is determined by J, 
since we have 

J-^dJ = J-^daJdw + J-^dsJdz 

= h^^hdw{h^^h) dw + w ^ z 

= {h^'^h{d^h~'^)h + h-^d^h) dw + w z (5.1) 
= [—h~^{dwh)h^^h + h^^dwh) dw + w ^ z 
= {h^^^ujh + h^^dwh) dw + w o z. 
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SO that $ is equivalent to J^^dJ by the gauge transformation $ i— > h^^h^^ +h^^ d/iQ 
Given the matrix J we see that the first two equations of (|4.ip are imphed by (|5.ip , 
because 

$^ = 0, = 0, = j-^a^ J, $5 = j-ic)2 J 

yields the first equation in (|4.ip trivially, and the second one follows from 

= 94 ^"'9^-/) - d^{.r^d,j) + [j-i^i J, j-^a^ J] 

= 0. 

A calculation similar to (|5.ip shows that 

d.^{,r^di,j) - d,XJ-^d,j) = h-\F^.a - F,,)h, 

which is equivalent to F^yj — Fzz under the above gauge transformation, and hence 
the ASD equations are equivalent to Yang's equation 

dUJ^'d^J) - d,iJ-'dsJ) = 0. (5.2) 

However, they are no longer covariant under conformal transformations as this 
would change the 2-planes spanned by d^, dz and dn,, dz- 

Geometrically the construction of J can be interpreted as follows. Starting from 
the original gauge we make a transformation hy g = h or g = h, respectively. This 
yields an equivalent gauge with vanishing ^z in the first case and vanishing 
^w, ^z in the second case. If we have frame fields {ei, . . . , e„} and {ei, . . . , e„}, 
respectively, corresponding to the new gauge potentials, then 

D^e, = 0, D,e, = 0, (5.3) 
D^e, = 0, Dje, = 0, (5.4) 

for i = 1, . . . , n. Furthermore, by definition of Yang's matrix Cj = CiJij. Therefore, 
J is the linear transformation from a frame field satisfying (|5.3p to a frame field 
satisfying (j5.4p . The connection potentials in the frames and are, respectively, 

J-^dJ and JdJ-\ 

The freedom in the construction of J from D is the freedom to transform the first 
frame by B and the second frame by A. 

5.2. Reduction of Yang's Equation 

In this section wc show how Yang's equation can be reduced by an additional 
symmetry so that it provides the linkage to Einstein equations. 

Such a reduction can in general be approached as follows. Suppose we are given 
a two-dimensional subgroup of the conformal group, generated by two conformal 
Killing vectors X and Y, which span the tangent space of the orbit of our two- 
dimensional symmetry group at each point. To impose the symmetry on a solution 
of the ASDYM equation, we require that the Lie derivative of the gauge potential $ 
along X and Y vanishes0 If the symmetry group is Abelian, [X, Y] = 0, then there 

"'^Note that after the gauge transformation the potential h^h~^ + dh has vanishing w and z 
component. 

■^This requirement can be justified in a more systematic way if invariant connections, Lie derivates 
on sections of vector bundles etc. are introduced |33|| . Here the Lie derivative of <3> along the 
Killing fields is the ordinary Lie derivative operator on differential form. 
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exists a coordinate system with X,Ya,s the first two coordinate vector fields and by 
the symmetry the components of $ depend only upon the second pair of coordinates. 
The reduced version of equation (|4.ip is obtained by changing the coordinates and 
discarding the derivatives with respect to the ignorablc coordinates. 

Another way is to impose the symmetry on Yang's equation which is not always 
straightforward and we will see how it works in our case. 

We are interested in the reduction by the commuting Killing vectors 



and the Killing vectors are X = -~2ide, Y = 2dt so that the symmetries are a 
rotation 9 t-^ 9 + 6q and a time translation 1 1-^ t + to. 

In the Minkowski real slice the coordinates are real and the spatial metric is 
of cylindrical polar form. Thus, a reduction by X and Y refers to stationary ax- 
isymmetric solutions of the ASDYM equation and their continuations to CM. The 
crucial point for our considerations is the coincidence that apart from their role 
in Yang-Mills theory the reduced equation turns out to be equivalent to the Ernst 
equation for stationary axisymmetric gravitational fields in general relativity. 

We want to construct Yang's matrix for the invariant potential in this stationary 
axisymmetric reduction. First, we note that it is still possible to choose the invariant 
gauge such that $„, = $2 = and 



the gauge transformation with g = h yields a potential with = (f>z = 0, because 
()5.6|1 is equivalent to 



The integrability of (|5.6p and hence the existence of h was ensured by the ASD 
condition ([T^ . 

Now with the additional symmetry the question arises whether this is still possible 
but with h and <i> depending on x and r only. Under a gauge transformation we 
then have 



which is obtained by just substituting the coordinates and discarding the depen- 
dency on t and 6. In the same way the first equation of (|4.ip becomes 



X = wdw — wdw, Y ^ dz + dz- 
The coordinates can be adapted by the transformation 

w = re'^, w = re~'^, z = t — x, z — t + x. 
Then the metric is easily calculated to have the form 

ds^ = dt^ - dx^ - dr^ - d0^, 




h~^<^^,h + h~^d^,h = 0, h~^'^zh + h-^dzh = 0. 




= 0. 



(5.7) 



''This P should not be confused with the Patching matrix. 
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Then, analogous to the general case, (|4.ip in form of (|5.7p is exactly the integrability 
condition for the existence of an invariant gauge in which = ^ and where 
4> and h depend only on x and r, that is 

Using the notation from (|5.5|) and by a similar calculation like above the second 
equation in (|4.ip . F^w = 0, takes the form 

P, + rQ, + 2[Q,P] =0, (5.8) 

and the third equation, Fzz — F^^i, = 0, becomes 

2 2 \w 

or equivalently 

Pr - rQ, = 0. (5.9) 
Condition (|5.8p guarantees the existence of Yang's matrix J(x, r) such that 

w 2 

equivalent to 

2P = -rJ-^drJ, 2Q = J^^d^J. (5.10) 

It can again be interpreted as a change of gauge, but this time h and h depend only 
on X and r, hence so does J. 

Starting with a matrix J(x,r), and defining the gauge potential by (j5.10p . it is 
an easy calculation that ()5.8p is satisfied. Equation ()5.9p becomes 

rd^{J-^d^J) + dr{rJ-^drJ) = 0. (5.11) 

So, every solution to ()5.1ip determines a stationary axisymmetric ASDYM field 
and every stationary axisymmetric ASDYM field can be obtained in that way. The 
Yang's matrix J determines the connection up to J i— > A~^JB with constant ma- 
trices A and B. Note that in the general case above A, B depended on u>, z and 
w, z, respectively. But here we restricted to gauge transformations such that the 
condition = = is preserved, hence they have to be constant (formula for 
gauge transformation of $ involves derivatives of h, respectively h). 



5.3. Reduction of Einstein Equations 

The next step will be to show how reduced Yang's equation (|5.1ip emanates from 
a reduction of the Einstein equations. This was originally discovered by Witten 
[ii], Ward 0. 

Let gab be a metric tensor in n dimensions (real or complex), and ATf, i = 
0,...,n— s — 1, ben — s commuting Killing vectors that generate an orthogonally 
transitive isometry group with non-null (n — s)-dimensional orbits. This means the 
distribution of s-plane elements orthogonal to the orbits of is integrable, in other 
words [U, V] is orthogonal to all Xi whenever U and V are orthogonal to all X,. 

Define J = (J^) := (g^^X^Xj), and denote by V the Levi-Civita connection. We 
have 

XkJ^, - {Cx,g){X„X,) + g{Cx,X,,X,) + g{X,,Cx,Xj) = 0, 
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as the first term vanishes due to tlie fact that Xk is a KiUing vector, and the last 
two terms since the Kilhng vectors commute. Thus J is constant along the orbits 
of the Killing vectors. The Killing equation is 

= Cx.gab = Va^jb + ^bXia, (5-12) 

and since 

[X„X,]=0 Vz,j (5.13) 

we get 



(5.14) 



~ Xi'^^b^ja ^ a^jb — 2XfVbXj-a. 

This yields 

Let J7 and y be vector fields orthogonal to the orbits. From 
= Va(C/" V''Xa) - Va(F" U^'X^b) 

=0 =0 

= (Vat/") +C/°(Vay'')X,b + U^V^VaX^b) ^U^V 

=0 

we obtain 

U''V'VaX,b - V''U''\/aX,b = -X^bU'^VaV' + X.bVV aU'> 

= -X,b[U,Vf 
= 0, 

where the last step follows from the orthogonal transitivity. This result together 
with the Killing equation V^Xj^ = V[(iX|j|5] leads to 

U'^V^'VaXa = U^^V''^VaX,b = 0, 
X^X^VaX^b = \xpjj., = 0. 

However, 

-J^''{{daJki)Xjb — {dbJki)Xja^ , 

where J*-' Jjk = gives the same expressions when contracted with combinations 
of Killing and orthogonal vectors. Hence, they must have the same components, 

VaX^b - ^J''' [i^aJk^)XJb ~ (Sfc Jfc,)^ja) • (5.15) 

Moreover, for a Killing vector X we can use the Ricci identity 

VbVcXrf ~ RabcdX"" 



^Here we need that the orbits of the isometry group arc non-null, otherwise J would be degenerate. 
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with Rabcd the Riemann tensor, to take the second derivative of (|5.15p . After some 
computations (see Appendix [C]) . we get 

where g = det{gab) and R^i^ ~ R'^acb ^he Ricci tensor. If the Einstein vacuum 
equations, Rab = 0, hold, then 

da{V99'''j'''dbJi,) = 0. (5.16) 

Since J is constant along the orbits (|5.16p is essentially an equation on S, where 
S is the quotient space by the Killing vectors identified with any of the s-surfaces 
orthogonal to the orbits. Denote by hab the metric on S and by D the corresponding 
Levi-Civita connection so that we get for the determinant 

g = dct gab = -r^ det{hab), 

where —r — det J0 We know that for functions u on 5' covariant and partial 
derivative are equal daU = DaU. Considered this together with the expression for 
the Laplace-Beltrami operator 

D\ = DaD'^u = -^9a ( VWlh^'dbu) 
equation ()5.16p becomes 

DairJ-^D^'J) = 0, (5.17) 
where the indices now run over 1, . . . , s and are lowered and raised with hab and its 
inverse. Now remembering that 

ddet J = det Jtr(J"Mj) d(logdet J) = tr(J~Mj) 

we can take the trace of ()5.17p to get furthermore 

= Dairtii J-^D^J)) = DairD" {log det J)) 

= DairD" (log -r^)) = Da{2r ■ -D'^r) 



r 



hence r is harmonic on S. From now on we assume that the gradient of r is not 
null. 

In the case s = 2 isothermal coordinates always exist (see Appendix [D]) , that is 
we can write the metric on S in the form 

c^-'idr^ +dx^) 

where x is the harmonic conjugate to As the Killing vectors commute, there 
exist coordinates (j/q, . . . , j/„_3), where the Xi are the first n — 2 coordinate vector 
fields. Taking furthermore the isothermal coordinates for the last two components, 
the full the metric then has the form 

n — 3 

ds^ = Jij dy'dy^ + c^-'idr^ + dx^), (5.18) 



'^The sign might vary depending on the signature of the metric and the KiUing vectors (spacelike 
or timelike). In some of the hterature the condition is = |dct J|. Here it is adapted to the 
Lorentzian case with one timelike and one spacelike Killing vector. 

^The function x is said to be harmonic conjugate to r, if a; and r satisfy the Cauchy- Riemann 
equations. 
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which is known as the (Einstein) a-model. In this case (j5.17p reduces to (jS.lip and 
we obtain the following proposition. 

Proposition 5.1 (Proposition 6.6.1 in Mason & Woodhouse ^^). Let gab he 

a solution to Einstein's vacuum equation in n dimensions. Suppose that it admits 
n — 2 independent commuting Killing vectors generating an orthogonally transitive 
isometry group with non-null orbits, and that the gradient of r is non-null. Then 
J{x,r) is the Yang's matrix of a stationary axisymmetric solution to the ASDYM 
equation with gauge group GL(?7 — 2, C). 

The partial converse of the Proposition yields a technique for solving Einstein's 
vacuum equations as follows. Any real solution J{x, r) to reduced Yang's equa- 
tion (|5.1ip such that 

(a) det J = — r^, 

(b) J is symmetric 

determines a solution to the Einstein vacuum equations, because we can reconstruct 
the metric from given J and e^'^ via (|5.18p . and then (|5.1ip is equivalent to the 
vanishing of the components of Rat along the Killing vectors (as we have shown 
above). The remaining components of the vacuum equations can be written as 

2id^ (log (re^")) = rtr {d^ (J^^) d^J) , (5.19) 

with ^ = X -\- ir, together with the complex conjugate equation (if x and r are 
real), where ^ is replaced by ^ = x — ir and i by — i. These equations can be 
obtained by a direct calculation of the Christoffel symbols, curvature tensors and so 
on [21I, App. D, Eq. (D9)]. They are automatically integrable if (|5.1ip is satisfied 
and under the constraint det J = — (see Appendix [E|) . and they determine e"^ 
up to a multiplicative constant. The constraint, however, is not significant for the 
following reason. We know that in polar coordinates u ~ logr is a solution to the 
(axisymmetric) Laplace equation 

d^ird^u) + rdlu ^ 0, (5.20) 

so is u = clogr + logd for constants c and d. Now suppose J is a solution to (|5.1ip . 
and consider e" J = dr'' J. Plugging this new matrix in (jS.lip . we see that it is again 
a solution of reduced Yang's equation if (|5.20p holds. The determinant constraint 
can thus be satisfied by an appropriate choice of the constants, since we have 
det(e" J) = e("~2)« ^ct J = ^"-^("^2)0 j 

The condition J = J* is a further Z2 symmetry of the ASD connection. 

This coincidence between Einstein equations and Yang's equation is remarkable, 
since, although we started from a curved-space problem, by the correspondence it 
can essentially be regarded as a problem on Minkowski space reduced by a time 
translation and a rotation, hence on flat space. 

Considering the case n — 2 = s = 2, Yang's matrix J can be written as 

J^f^'^'-f^'' -{"V (5.21) 



-.fa f 

where / and a are functions of x and r. It can be read off that the metric takes the 
form 

ds^ = f(dt-ad9f - f-^r^ d9^ - c^^idr^ + dx^). 

If / and a are real for real x and r this is known as the stationary axisymmetric 
gravitational field written in canonical Weyl coordinates. 
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5.4. Solution Generation by the Symmetries of Yang's Equation 

A tedious but straightforward calculation shows that in canonical Wcyl coordinates 
reduced Yang's equation (|5.1ip becomes 

r^V^log/ + {fdraf + {.fd^af = 0, 

(5.22) 

drir'^fdra) + a,(r-\/2a,a) = 0, 

where = r^^dr{rdr) + for real r is the axisymmetric form of the three- 
dimensional Laplacian in cylindrical polar coordinates. The second equation is an 
integrability condition for ip with 

or equivalently 

rdx'tp + f^dra = 0, rdrtp — pdxOi = 0. 
If we consider the matrix 

instead of jQ we find that (|5.1ip for J' again comes down to (|5.22p . but with a 
replaced by ip as one of the variables. Solutions to Einstein's vacuum equations 
can now be obtained by solving ()5.1ip for J' subject to the conditions det J' = 1, 
J' = J". In this context ()5.1ip is called Ernst equation and the complex function 



£ = f + iip is the Ernst potential [14|] , which is often taken as the basic variable in 
the analysis of stationary axisymmetric fields. We will also refer to J' as the Ernst 
potential. 

Note that (|5.1ip has the obvious symmetry J ^ A*- J A, where A e SL(2,C) is 
constantly This corresponds to the linear transformation 

{XY)^{XY)A (5.24) 

of Killing vectors in the original space-time. Yet, the construction of J' is not 
covariant with respect to general linear transformations in the space of Killing 
vectors, that is for ()5.24p we do not have J' i— >■ A^J' A. Given a solution of the 
Einstein vacuum equations in form of J', this leads to a method of generating new 
solutions. First, recover the corresponding J by solving for a in terms of ■0 and /. 
Then replace J by C^JC, C G SL(2,C), and construct J' from the new J. Again 
replace J' by D^J'D, D £ SL(2,C), and so on. This produces an infinite-parameter 
family of solutions to the Einstein vacuum equations starting from one original 
seed (if C and D are real, the transformations preserve the reality, stationarity and 
axisymmetry of the solutions as well) . 



^Since ip is only determined up to constant J' is only determined up to 
for a constant 7. 

^The requirement det A = 1 is necessary to preserve tlie constraint det J' = 1 . 
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Black Holes and Rod Structure 

A remarkable consequence of Einstein's theory of gravitation is that under certain 
circumstances an astronomical object cannot exist in an equilibrium state and hence 
must undergo a gravitational collapse. The result is a space-time in which there is 
a "region of no escape" — a black hole. Black hole space-times are of interest not 
only in four but also in higher dimensions. 

This chapter will provide basic knowledge in general relativity that is needed 
later on. Yet, proofs or further details are omitted at many points as this would be 
beyond the scope of our discussion. Moreover, we will see what questions arise in 
higher- dimensional black hole space-times and in the next chapter we will describe 
how twistor theory can be useful in tackling these problems. 

In the following a space-time will be a real time-orientable and space-orientabl^ 
Lorentzian manifold, where not stated differently. 

6.1. Relevant Facts on Black Holes 

The following definitions are taken from Wald [i^ and Chrusciel & Costa Sec. 2] . 
Denote by J'^ (m) the causal future or past of a space-time point m. An important 
concept is asymptotic flatness which roughly speaking means that the gravitational 
field and matter fields (if present) become negligible in magnitude at large dis- 
tance from the origin. More precisely we say an n-dimensional space-time (M, g) 
is asymptotically flat and stationary if M contains a spacelike hypersurface Sext 
diffeomorphic to W'-~^\B{R), where B{R) is an open coordinate ball of radius R, 
that is contained in a hypersurface satisfying the requirements of the positive en- 
ergy theorem and with the following properties. There exists a complete Killing 
vector field ^ which is timelike on S^xt (stationarity) and there exists a constant 
a > such that, in local coordinates on S^xt obtained from E."~^\B{R), the metric 
7 induced by g on ^ext, and the extrinsic curvature tensor Kij of 5'ext, satisfy the 
fall-off conditions 

for some fc > 1, where we write / = Okir") if / satisfies 

•••afe,/ = 0(r"-'), 0<l<k. 

In [^, Sec. 2.1] it is argued that these assumptions together with the vacuum field 
equations imply that the full metric asymptotes that of Minkowski space. 

The Killing vector ^ models a "time translation symmetry". The one-parameter 
group of diffeomorphisms generated by ^ is denoted by 0t : A/ -> M. Let Mext = 



In fact, one can argue that time-orientability implies space-orientability l23l Sec. 6.1]. 
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[J f (f'tiS cxt) be the exterior region, then the domain of outer communications is 
defined as 

((Me,t)) = ^+(A'/cxt) n ^-(Afcxt). 

We call B = Af\J'^(Aioxt) the black hole region and its boundary = dB the 
black hole event horizon^ Analogously, the white hole and the white hole event 
horizon are W = M\j7+(Mext) and 'H~ = dW. So, if the space time contains 
a black hole, that means it is not (entirely) contained in the causal past of its 
exterior region. H = U "H^ is a null hypersurface generated by (inextendible) 
null geodesies [2^, p. 312]. 

The second type of symmetry we will impose models a rotational symmetry. We 
say a space-time admits an axisymmetry if there exists a complete spacelike Killing 
vector field with periodic orbits. This is a U(l)-symmetry so we imagine it as a rota- 
tion around a codimension-2 hypersurface. As shown in Myers & Perry (s^ . Sec. 3.1] 
and Emparan & Reall [l^, Sec. 1.1], note that for dimM > 4 there is the possibility 
to rotate around multiple independent planes (if M is asymptotically flat). For 
spatial dimension n — 1 we can group the coordinates in pairs (a;i,X2), (xs^Xi), . . . 
where each pair defines a plane for which polar coordinates (ri, cpi), (r2, (^2), ■ • ■ can 
be chosen. Thus there are = [^^^^J independent (commuting) rotations each as- 
sociated to an angular momentum. An n-dimcnsional space-time M will be called 
stationary and axisymmetric if it admits n — 3 of the above U(l) axisymmetries 
in addition to the timelikc symmetry. However, note that this yields an important 
limitation. For globally asymptotically flat space-times we have by deflnition an 
asymptotic factor of 5*""^ in the spatial geometry, and has isometry group 

0(n — 1). The orthogonal group 0(n — 1) in turn has Cartan subgroup U(l)^ with 
N ~ L'^^T^J' that is there cannot be more than N commuting rotations. But each 
of our rotational symmetries must asymptotically approach an element of 0(71 — 1) 
so that U(l)"-3 C U(l)^, and hence 



which is only possible for n = 4, 5. Therefore, stationary and axisymmetric solutions 
in our sense can only have a globally asymptotically flat end in dimension four and 
five. However, much of the theory, for example the considerations in Chapter O is 
applicable in any dimension greater than four so that henceforth we still consider 
stationary and axisymmetric space-times and it will be explicitly mentioned if extra 
care is necessary. 

Note for example that we have to change the above deflnitions of a black hole and 
stationarity in dimensions greater or equal than 6 because they require asymptotical 
flatness. Instead of asking S'ext to be diffeomorphic to R"\i?(_R) we set the condition 
that Scxt is diffeomorphic to W^\B{R) x A^, where B{R) is again an open coordinate 
ball of radius R and A^ is a compact manifold with the relevant dimension. This 
is also called asymptotic Kaluza-Klein behaviour. The fall-off conditions then have 
to hold for the product metric on R"\B{R) x A^. The definition of stationarity is 
verbatim the same only with other asymptotic behaviour of Scxt- 

The time translation isometry must leave the event horizon of the black hole 
region invariant as it is completely determined by the metric which is invariant 
under the action of ^. Hence ^ must lie tangent to the horizon, but a tangent vector 
to a hypersurface with null normal vector must be null or spacelike. So, ^ must be 



This definition docs in fact not depend on the choice of 

Scxt [6], Sec. 2.2j. 
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null or spacelike everywhere on the horizon. This motivates the following definition. 
A null hypersurface JV is called a Killing horizon of a Killing vector ^ if (on M) £, is 
normal to A^, that is ^ is in particular null on Af. The integral curves of the normal 
vector of a null hypersurface are in fact geodesies and these geodesies generate the 
null hypersurfacc|j If I is normal to Af such that V;Z = (affinely parameterized), 
then ^ = f ■ I and 

where k ~ ^(In |/|) is the so-called surface gravity. It can be shown that 

and that k is constant on the horizon. Thus, the following definition makes sense: A 
Killing horizon is called non- degenerate if k 0, and degenerate otherwise. Hence- 
forth, we will restrict our attention to non-degenerate horizons, since it is a nec- 
essary assumption in the upcoming theorems and degenerate horizons may have a 
somewhat pathological behaviour. 

The following theorem links the two notions of event and Killing horizon. 

Theorem 6.1 (Theorem 1 in Hollands et al. [1^). Let {M,gab) be an analytic, 
asymptotically flat n-dimensional solution of the vacuum Einstein equations con- 
taining a black hole and possessing a Killing field ^ with complete orbits which are 
timelike near infinity. Assume that a connected component, Ji, of the event horizon 
of the black hole is analytic and is topologically i? x S, with E compact, and that 
K 0. Then there exists a Killing field K , defined in a region that covers % and the 
entire domain of outer communication, such that K is normal to the horizon and 
K commutes with ^. 

This theorem essentially states that the event horizon of a black hole that has 
settled down is a Killing horizon (not necessarily for dt). In four dimensions this 
theorem has already been proven earlier (23| . In four dimensions Theorem lG.ll is an 
essential tool in the proof of the following uniqueness theorem, which is the result 
of a string of papers 

Theorem 6.2. Let [M,g) be a non- degenerate, connected, analytic, asymptot- 
ically flat, stationary and axisymmetric four- dimensional space-time that is non- 
singular on and outside an event horizon, then (M, g) is a member of the two- 
parameter Kerr family. The parameters are mass M and angular momentum L. 

Since stationarity can be interpreted as having reached an equilibrium, this says 
that in four dimensions the final state of a gravitational collapse leading to a black 
hole is uniquely determined by its mass and angular momentum. The assumption 
of axisymmctry is actually not necessary in four dimensions, as it follows from the 
higher-dimensional rigidity theorem. 

Theorem 6.3. Let {M,gab) be an analytic, asymptotically flat n-dimensional 
solution of the vacuum Einstein equations containing a black hole and possessing a 
Killing field ^ with complete orbits which are timelike near infinity. Assume that a 
connected component, %, of the event horizon of the black hole is analytic and is 
topologically i? x E, with E compact, and that k ^ 0. 



This and some of the following statements can be found in standard textbooks or lecture notes, 
for example [44j . 
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(1) // ^ is tangent to the null generators of %, then the space-time must be 
static; in this case it is actually unique (for n ~ A the Schwarzschild 
solution). fHi l 

(2) If ^ is not tangent to the null generators ofH, then there exist N , N > 1, 
additional linear independent Killing vectors that commute mutually and 
with S,. These Killing vector fields generate periodic commuting flows, and 
there exists a linear combination 

K ^£, + niXi + ... + nNXN, aeR, 

so that the Killing field K is tangent and normal to the null generators of 
the horizon %, and g{K,Xi) ~ onH. f2^, Thm. 2] 
Thus, in case ^ the space-time is axisymmetric with isometry group R x U(l)^. 

Remark 6.4. In dimension four the last theorem has ah'eady been shown in 



21 2 



Interestingly, the higher-dimensional analogue of Theorem l6.2l is not true, that is 
there exist different stationary and axisymmetric vacuum solutions with the same 
mass and angular momenta. Examples for five dimensions are given in Hollands 
& Yazadjiev [2J]. They have topologically different horizons so there cannot exist 
a continuous parameter to link them. A useful tool for the study of solutions in 
five dimensions is the so-called rod structure. Before defining it let us set the basic 
assumptions about our space-time. 

Henceforth we are going to assume that, if not mentioned differently, we are given 
a vacuum (non- degenerate black hole) space-time {AI,g) which is five-dimensional, 
globally hyperbolic, asymptotically flat, stationary and axisymmetric, and that is an- 
alytic up to and including the boundary r = oQ We are not considering space-times 
where there are points with a discrete isotropy group. Note that the stationarity 
and axisymmetry implies orthogonal transitivity, which was necessary for the con- 
struction in Chapter O (see Appendix [F)) . The assumption about analyticity might 
seem unsatisfactory, but in this thesis we are going to focus on concepts concerning 
the uniqueness of five-dimensional black holes rather than regularity. 

6.2. Rod Structure 

Remember the a-model construction in Chapter [Sj Using the (r, a:;)-coordinates 



from there we define as in Harmark [2l|, Sec. III.B.l] 



Definition 6.5. A rod structure is a subdivision of the x-axis into a finite num- 
ber of intervals where to each interval a constant three-vector (up to a non-zero 
multiplicative factor) is assigned. The intervals are referred to as rods, the vectors 
as rod vectors and the finite number of points defining the subdivision as nuts. 

In order to assign a rod structure to a given space-time we quote the following 
proposition. 

Proposition 6.6 (Proposition 3 in Hollands & Yazadjiev Q). Let {M,gab) be 
the exterior of a stationary, asymptotically flat, analytic, five-dimensional vacuum 
black hole space-time with connected horizon and isometry group G = U(l)^ x R. 



■^The coordinate r is defined in Chapter \5\ Further statements on that are below in the following 
section. 
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Then the orbit space M = AI/G is a simply connected 2-manifold with boundaries 
and corners. If A denotes the matrix of inner products of the spatial (periodic) 
Killing vectors then furthermore, in the interior, on the one- dimensional boundary 
segments (except the segment corresponding to the horizon), and at the corners A 
has rank 2, 1 or 0, respectively. 

Furthermore, smce det Ai^ Q'va the interior of M, the metric on the quotient space 
must be Riemannian. Then M is an (oricntablc) simply connected two-dimensional 
analytic manifold with boundaries and corners. The Riemann mapping theorem 
thus provides a map of M to the complex upper half plane where some further 
arguments show that the complex coordinate can be written as C = 2^ + i^- So, 
starting with a space-time (M, g) the line segments of the boundary dM give a 
subdivision of the a;-axis 

(-oo,ai), (01,02), (flAT^i, Oat), (oat, 00) (6.1) 

as the boundary of the complex upper half plane. This subdivision is moreover 
unique up to translation x i— > .x+const. which can be concluded from the asymptotic 
behaviour Sec. 4]. This subdivision is now our first ingredient for the rod 
structure assigned to {M,g). For reasons which will become clear in Sections 17.21 
and 18.31 we take the set of nuts to be {ao = 00, oi, . . . , ajv}- 

As the remaining ingredient we need the rod vectors. The imposed constraint 



-r 



2 



dot J(r, x) imphes det J(0, a;) = 0, and therefore 
dimker J(0,x) > 1. 

We will refer to the set {r = 0} as the axis. Taking the subdivision we 
define the rod vector for a rod (0^,0^+1) as the vector that spans ker J(0, x) for 
X € (ai,ai^i) (we will not distinguish between the vector and its R-span). A few 
comments on that. 

First consider the horizon. From Theorem 16.31 we learn that K = £^ + HiATi -|- 
^2X2 (I) is null on the horizon and g{K, Xi)\-f^ = (II)Q These conditions are 
equivalent to 

gti + ^ iljgij =0 on (II) 

i 

gu + 2^ n^gti + ^ ili^ljgij = on H, (I) 

hi 

gtt + ^ ^idti = onU. 



Hence 



I 9tt + Y.i^i9ti , -1/ 1, r.- 

JK =1 I = on rt, where A = 

9U + ^3 9t3 



1 1 \ 



^It is not hard to see that if Xi , X2 is a second pair of commuting KilHng vectors which generate 
an action of U(l)^, then Xi is related to Xi by a constant matrix [2J, Eq. (9) and See. 4]. 
Hence, we can without loss of generality assume that our periodic Killing vectors are the ones 
from Theorem 16.31 
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In other words K is an eigenvector of J on H. So, by the change of basis ^ i-^ K, 
Xi 1-^ Xi the first row and column of J diagonalizes with vanishing eigenvalue 
towards H. On the other hand away from any of the rotational axes the axial 
symmetries Xi, X2 are independent and non-zero, thus the rank of J drops on the 
horizon precisely by one and the kernel is spanned by K . Note that if the horizon 
is connected precisely one rod in (|6.1|) will correspond to H. 

Second, consider the rods which do not correspond to the horizon (assuming 
that H is connected). Proposition 1 and the argument leading to Proposition 3 in 
Hollands & Yazadjiev show that on those rods the rotational Killing vectors 
are linearly dependent and the rank of J again drops precisely by one. Whence, on 
each rod (0^,0^+1) that is not the horizon, there is a vanishing linear combination 
aXi +bX2- Therefore the vector ( a 6 )* spans the ker J(0,a;), x € (ai,ai+i). 
By Hollands & Yazadjiev [13, Prop. 1] a and b are constant so that we take aXi+bX2 
as the rod vector on (a^, Oi+i). 

Remark 6.7. The fact that a and b arc constant is not explicitly shown in the 



proof of [2J, Prop. 1], but follows quickly from [2J, Eq. (11)]. For x being a point 
where Xi, X2 are linearly dependent or where one (but not both) of them vanishes, 
and for being the orbit of x under the action which is generated by Xi , X2 we 
have 

^ a{x)Xi + b{x)X2, xGOx- 
Since Xi and X2 commute it is 

= Cx, (0) = Cx, {a)Xi + Cx, (6)^2. 

On the other hand Cxi (a) = a is the derivative along the orbit (the orbit is onc- 
dimensional) , hence 

Assuming that b and X2 do not vanish, this can be integrated and implies ^ ~ const, 
so that without loss of generality both factors can be taken as constants. If b or 
X2 vanishes on the orbit, then one obtains immediately d — 0. Note that if one 
of the Killing vectors vanishes somewhere on Ox it vanishes everywhere on Ox, 
otherwise one could follow the integral curve where the Killing vector is non-zero 
up to the first point where it vanishes and there it stops, which is a contradiction 
to the periodicity. This shows that the two cases above are disjoint. 

■ 

Note that the nuts of the rod structure arc the points which correspond to the 
corners of Af and that is where the rank of J drops precisely by two. So, at those 
points dim ker J = 2. 

Example 6.8 (Rod Structure of Four-Dimensional Schwarzschild Space-Time, 
taken from Section 3.1 in Fletcher The Schwarzschild solution in four dimen- 

sions has in usual coordinates the form 

„2 _ A 2 2m\ 2 d2^.o2 , „• 2oj^2n 



ds' = (^1 - j dT" - y-- j di?' - R^ide^ + sin' 6 d$'), 

and is obtained in Weyl coordinates (t, r, ip, x) by replacing 

X = (i? - m) cos e, r = {R^ - 2mR)^ sin 9, t = T, = $. 
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If the symmetry group is generated by X = d^p and Y = dt, then one can calculate 
the matrix of inner products of the Killing vectors (see Appendix [H]) as 



J = 



/ 



where 

r » '+ + r- -2m 2 2 , / , n2 

r+ + r_ + 2m 

Note that — \x + m|, r_ = |a; — m| for r = so that for —m < x < m 
and r = we have r+ = a; + m, r_ = m — .x. Hence, / vanishes for r = 0, 

2 

— m < X < m. Yet, applying I'Hopital's rule twice shows that ^ does not vanish 
for r = 0, — m < x < to. So, the rod structure can be read off. It consists of 
the subdivision of the x-axis into (— oo,— to), (— to, +to) and (+to, +oo) and the 
rod vectors as in Figure [T] The semi-infinite rods correspond to the rotation axis 

2 

and the finite one to the horizon. At {r = 0, a; = ±to} the entry j- blows up. 
Furthermore, we see that the boundary values of the rods are related to the mass 
of the black hole. 



#- = I- null ^ = 

Oip at Oip 
• • > 2 

3 2 1 

Figure 1. Rod structure of the four-dimensional Schwarzschild 
solution. The numbers are only for the ease of reference to the 
parts of the axis later on. 



There is a better way of visualizing the topology associated with the rod struc- 
ture in five dimensions (from private communication with Piotr Chrusciel). First 
consider five-dimensional Minkowski space. We leave the time coordinate and only 
focus on the spatial part. It is Riemannian and has dimension four, thus we can 
write it in double polar coordinates (ri, t/Ji, r2, </32)- Then the first quadrant in 
Figure [H that is {ri > 0,r2 > 0}, corresponds to the space-time. The diagram 



r2 



4 5. n 

Figure 2. Rod Structure for five-dimensional Minkowski space, 
suppresses the angles, so that each point in {ri > 0, r2 > 0} represents x 
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where the radius of the corresponding circle is r^. On the axes it thus degenerates 
to {pt} X S^. The boundary of our space-time, r = 0, is in these polar coordinates 
{ri = 0} U {r2 = 0}, and the nut is at the origin ri = r2 = (see also Section [OT) . 

Since our interest lies in asymptotically flat space-times, the rod structures for 
other space-times will be obtained from this one by modifying its interior and leaving 
the asymptotes unchanged. For example we can cut out a quarter of the unit disc 
as in Figure [31 But cutting out the quarter of the unit disc is nothing else than 



cutting out -|- r| < 1 (obviously taking the radius not to be one does not make 
any difference for the topology). Therefore the middle rod is the boundary of a 
region with topology S^. So, if this is the horizon of a black hole, then the black 
hole has horizon topology S^. Finally look at Figure HI This rod structure has three 



Figure 4. Rod Structure with horizon topology S'^xS^. The nuts 
are at A, B and O, where the rod between A and B corresponds 
to the horizon. 

nuts: at A, at B and at the origin O, that is at ri = 7'2 = 0. If the rod limited by 
A and B represents the horizon then the horizon topology is S"^ x S^, which can be 
seen by rotating Figure S] first about the vertical and then about the horizontal axis. 
Another visualization is depicted in Figure O where the labelled points correspond 
to 



A : {pt} X eR^ xR^, B : {pt} x S"^ G x O : {pt} x {pt} G x R^, 
C : xS^ eR^ X r2. 




Figure 3. Rod Structure with horizon topology S^. 




Interpolating the transition between those points explains the topology as well. 
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Figure 5 . Visualization of S*^ x topology. 



The relation between those more geometrical diagrams and the above definition 
of rod structure, that is only the z-axis with the nuts, can be made by the Riemann 
mapping theorem 01 Sec. 4]. 

The rod structure is essential for the characterization of stationary axisymmetric 
black hole solutions. As mentioned above, such a solution is in five dimensions no 
longer uniquely given by its mass and angular momenta. But two solutions with 
connected horizon are isometric if their mass, angular momenta and rod structures 
coincide, if the exterior of the space-time contains no points with discrete isotropy 
group [2J] (see also Theorem 110. 3p . An important question for the classification of 
five-dimensional black holes is which rod structures are admissible. Are there any 
restrictions on the possible configurations? 



CHAPTER 7 



Bundles over Reduced Twistor Space 



We have seen earlier that by the Penrose- Ward transform an ASDYM field cor- 
responds to a holomorphic vector bundle over twistor space. However, we are not 
interested in the full ASDYM field, but in its reduction through symmetries. This 
chapter will provide a construction of bundles representing solutions which are in- 
variant under a subgroup of the conformal group, and explain how we obtain in this 
way a twistor characterization of solutions of the Einstein equations using Mason 
& Woodhouse [H, Ch. 11] and Fletcher & Woodhouse [iTl- 



7.1. Reduced Twistor Space 

Proper conformal transformations of compactified CM map a-planes to a-planes, 
and induce holomorphic motions of the twistor space which coincide with those of 
the natural action of GL(4,C) on CP'^, see Chapter [3] and [s^, Sec. 9.2]. Given 
an ASDYM field that is invariant under a group of conformal symmetries, by the 
Penrose- Ward transform the bundle over the twistor space belonging to the ASDYM 
field is invariant under the subgroup of GL(4, C) that corresponds to the group of 
conformal symmetries. 

This can be made more precise as follows. Let 

X = X''da = ad^+bd, + adn, + bdi 

be a conformal Killing vector on J7 C CM open, V the twistor space and T the 
correspondence space associated to U, 




The idea is to lift X from U to T and project into V. Since X is a conformal Killing 
vector, its flow preserves the metric up to scaling. Hence, is proportional to 

the metric tensor, that is in the usual double-null coordinates 

-1 \ 

1 



10 0/ 



{gab) 
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(7.1) 



the conditions 

= ^(jX^) ^ d-aa = dzb = 0, 

9{wXz) =0 4^ d~a = du,b, 

together with the same equations but tilded and untilded variables interchanged. 

Now we are looking for a vector field X' that acts on a-planes and is induced by 
the vector field X on U. So, we have to define a vector field X" on T such that 

q..X" = X, (7.2) 

and that preserves the distribution spanned hy I, m, that is 

[X'\l] = 0, [X",m] = 

modulo combinations of I and m. From ()7.2p we see that X" has to be of the form 

X" = adu, + bd, + ada + bdi + Qdc- (7.3) 

For fixed C the conditions (|7.ip imply 

[X, I] = ^IX ^ Cia-zdu, + bid, + ciid^ + hd-,) 

- {ttiodw + bwdz + cLwdw + bwdz) 
= (^azdz + Ca-zl - bn,m + (b^di - Ca-wdz - a^l - Kdz 
= Qdz mod {I, m) 



Q^Ca, + ah-a^)~K. (7.4) 



where 
Similarly, 

[X, m] = Qdu, mod {l,m). 
An easy calculation using (|7.ip again shows also IQ = mQ = 0, hence [X",Z] = 
[X", m] = 0. Therefore, with Q as in jT^D we define X" to be the lift of X from 
U to J^. Its projection X' — p^,X" is a well-defined holomorphic vector field on the 
twistor space, and the flow of X' is the action of conformal motions generated by 
X on a-planes. 

Remember that A = (w + z, n = (z + w and ( defined coordinates on the twistor 
space and using w, z, w, z, C as coordinates on J- the projection was given by 

p : {w, z, w, z, () M> (A, fiX) = = Cw + z, ^ = Cz + w, (). 

Thus, 

X' = (Ca + 6 + wQ)dx + iCb + a + zQ)d^, + Qdc, 
where the components are constant on a-plancs, that is functions of A, /i, C,. 

Let U C CM be an open set satisfying the condition as in Thcorem l4.2l and H be 
a subgroup of the conformal group. We have shown that the Lie algebra f) gives rise 
to Killing vectors X anU and to holomorphic vector fields X' onV. Now assume 
that I) acts freely on V, then we define the reduced twistor space TZ as the quotient 
of V over f)Q A vector bundle B' ^ V, that is the Penrose- Ward transform of an 
ASDYM connection D on a vector bundle _B —>■[/, is said to be invariant under I) 
if it is the puUback of an unconstrained vector bundle E TZ. 



technically more detailed definition can be found in [331 Sec. 11.3]. 
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In our example of stationary and axisymmetric solutions the reduction was gen- 
erated by the two commuting Killing vectors 

X ~ w dw ~ w du], Y ~ dz + dz- 
The above construction yields 

Qx = -Cflu. = -C, Qy = 0. 

This gives us 

X" = wd.^ - wda - c^c , Y" = d-z + dz , 

X' = -fidf,-Cdc Y' = dx + Cd^. 

With coordinates t, 9, x, r as in Chapter [5] and the gauge such that (|5.5p holds, 

w 

The puUback of local invariant sections of a bundle E V to J- hy p are simulta- 
neous solutions to 

= D,s = dis + $(0s = d^s - ({dz + Q)s, 

= D„s = d,ns + $(m)s = dzs - ({da - w-^P)s, (7.5) 

= X"{s), = Y"{s) 

where s is a function of and the space-time coordinates. The first pair of equations 
is required by the constancy of s on a-plancs, and the second pair is the symmetry 
condition. 

Introducing the invariant spectral parameter a = ^e'^ the symmetry conditions 
can be stated as s = s{x, r, a). A substitution of coordinates gives for the first pair 
of equations in (|7.5p the form 

{dr — crdx + r^^(Tda)s — (t{J^^Jx)s ~ 0, 

(7.6) 

{d^ + adr - r~^a^da)s + a{J-^Jr)s = 0, 
where J{x,r) is defined by 

P = -rJ-^Jr, Q = J-^J^E 

Equations (|7.6p is a linear system for the reduced form of Yang's equation that is 
integrable if and only if (|5.11|) holds. 

Another useful parameter for this example is 

r = .T + ir(a-c7-i) = i(A-rV), (7.7) 

which is constant along / and m as it depends only on A, fi, C- Hence, r is a function 
on the twistor space. 

The reduced twistor space has dimension 3 — 2 = 1, thus there exists one invariant 
coordinate. Since 

X't = 0, Y't = 0, 

T is constant along the orbits of X' and Y' , so we can take it to be this coordinate. 
The pair of planes with = and tr = oo corresponds to t = oo. 



This is a difTercnt Q as in the lift of the conformal KiUing vector field. 
'Change of scale compared to l|5.5| l. 
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The section s can now also be written in terms of x, r, r, and the reduced system 
becomes 

{dr — <ydx)s — a{J^^J,j.)s ~ 0, 

{dr + <7dx)s + (T{J^^Jr)s = 0, 

where cr is a function of x, r, r by (|7.7p . and J satisfies the reduced form of Yang's 
equation if and only if this reduced system is integrablc for every r. 

A point of 7?, is a leaf of the foliation of V spanned by X' , Y' . This is a two- 
parameter family of a-planes, each member being the orbit of one a-plane under 
the flow of X' and Y' . Points of TZ are labelled by r. 

The reduced twistor space TZ has a non-Hausdorff topology, which can be seen as 
follows. Let U C CM as in Theorem 14.21 and V the twistor space of U. Consider a 
leaf of V, that is a point of TZ, with constant r. This is the family of a-plancs two of 
which pass through a general point of U with coordinates 0, x, r, corresponding 
to the two roots of the quadratic equation 

ra"^ + 2{x - t)<7 - r ^ (7.8) 

for a. There are two cases. If we can continuously change one root into the other by 
moving the point of U but keeping r fixed, then there is only one leaf in the foliation 
for this value of r, hence r labels a single point in TZ. Otherwise r labels two points. 
The discriminant of (j7.8p is (^7-^) + 1, so that there is only one solution to (j7.8|l if 
r = X ± i?'. Thus, r labels only one point of J7 if r = x ± ir for some point of U, and 
two otherwise. For t ~ 00 we will always get two points, the leaves on which a = 
and a = 00. If P is compact, then 7?, as a quotient of P is compact, and from the 
range of the coordinate r we see that it covers CP^ . So, 7?. is a compact Riemannian 
surface covering CP^, but not Hausdorff, as for r = x ± ir with x, r belonging to a 
point of the boundary of U there are two points in TZ. They cannot be separated 
in the quotient topology since every neighbourhood contains a r = x ± ir for some 
point in U. 

Despite our complex manifold not being Hausdorff it still makes sense in our case 
to consider holomorphic vector bundles over it [i^ App. 1]. 



7.2. The Twistor Construction 

The considerations below are based on Fletcher & Woodhouse [l^ which in turn 
go back to Woodhouse & Mason [i^. An alternative reference is Klein & Richtcr 

m App. B]. 

To obtain the formulae in the following in accordance with most of the literature 
we change the notation such that the coordinate —x is now named z, the param- 
eter — T will he w as of now. Due to the clash with the standard notation for 
double- null coordinates this would have been confusing in the previous paragraphs. 
Furthermore, we will take C to be the spectral parameter instead of a. 

Another way of defining the reduced twistor space is to take the quotient of U 
and J" by t) so that we have S = U/l) and T,- = 'E x CP^. Then we obtain the 
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reduced version of the double fibration 




which can be used for a sUghtly more abstract approach. Henceforth, instead of 
beginning with an ASD vacuum space-time, we take a two-dimensional complex 
conformal manifold S on which we are given a holomorphic solution r of the Laplace 
equation. By z we denote the harmonic conjugate of r. We define = E x A", 
where X is & C, Riemann sphere. The reduced twistor space TZ associated to S and 
r is constructed from J^,- by identifying (cr, C) and if they lie on the same 

connected component of one of the surfaces given by 

rC^-|-2(u;-z)C-r = (7.9) 

for some value of w and where z = z(cr), r = r{a). 

We can use w as a local holomorphic coordinate on TZ, which is a non-Hausdorff 
Riemann surface. Like above, w corresponds to one point of TZ if one can continu- 
ously change the roots of (|7.9p into each other by going on a path in E and keeping 
w fixed; and two points otherwise^ Let S be the w Riemann sphere, and V be the 
set of values for w which correspond only to one point in TZ. Then y C 5 is open, 
and if E is simply connected, then 

V ^ {z{a) + ir{a) : a eT.}. (7.10) 

In general, V is not connected. 

However, for axis-regular solutions (for the definition see below) V can be enlarged 
so that it becomes a simply connected open set V' C 5*. This situation is depicted 
in Figure [T] For w = oo we will always have two points, corresponding to C = 




Identified copies of V' 



Figure 1. Non-Hausdorff reduced twistor space with real poles 
(bullet points) as in the relevant examples. 

and C. = oo, whatever x and r are. Therefore, w = oo is never in V. We denote the 
points in TZ corresponding to w = oo by ooq (for ^ = 0) and ooi (for C = oo). 

^Note that the condition for to to correspond only to one point is an open condition in 7?. as z and 
r are smooth functions on S. 
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Now we need to construct the reduced form of the Penrose- Ward transform. 
First the forward duection, where we are given J as a solution of (|5.1ip . In the 
unconstrained case the bundle over twistor space was defined by specifying what the 
fibres are. For an a-planc Z, that is a point in the twistor space V , it was the space 
of covariantly constant sections over Z in the given ASD bundle B ^ U (see end 
of Chapter [J) . With our symmetry assumptions these arc the sections defined by 
(|7.5p . Wc have seen above that with our additional symmetry (|7.5p comes down to 
(|7.6p . Hence, the holomorphic bundle E ^ TZis constructed by taking the fibre over 
a point of TZ to be the space of solutions of (|7.6p on the corresponding connected 
surface in T,-. The integrability condition is precisely (|5.1ip . 

Conversely, let — > 7?. be a holomorphic rank-n vector bundle together with a 
choice of frame in the fibres. For a fixed ct G S let tt : A" — >■ 7?. be the restricted 
projection oi J^^ ^ TZ to {a} x X, that is the identification (cr, C) ^ {a' , C) as above, 
and denote by tt* (E) the puUback bundle of E to T^. Wc have to assume that tt* (E) 
is a trivial holomorphic bundle over 

The matrix J can again be recovered within J i— >■ AJB, where A and B are 
constant, by the splitting procedure as in Chapter HI but adapted to the symmetry 
constraint. Suppose E is given by patching matrices {Pap{w)} according to an 
open cover {TZa} of TZ such that ooq G TZq and ooi G TZi. Then t^*[E) is given by 
patching matrices 

Po.p{w{a)) = P^p Qr(a)(ri - C) + ^(^)) (7.11) 

according to the open cover {■K~^(TZay\ of X. The triviality assumption implies 
that there exist splitting matrices /a(C) such that 

P^P (]^r{a){C' - C) + z{a)^ = f^{C)fp\OE (7.12) 

We define J := /o(0)/i(oo)~^. Another splitting would be of the form f^C for an 
invertible matrix C, which has to be holomorphic on the entire Riemann sphere, 
thus C is constant. But this leaves J invariant and the definition is independent 
of the choice of splitting. The splitting matrices fa depend smoothly on r, z as ct 
varies, so J does. Although J might have singularities where the triviality condition 
does not hold. 

Next we have to show that the so defined J satisfies (|5.1ip . Therefore, we exploit 
the freedom to choose the splitting matrices such that /i(oo) — 1, thus J = /o(0). 
Let Zi = dr + (dz + r^^(di; and Z2 ~ —dz + C,dr — t^^C^Oq be the vector fields in 
(|7.6p . An easy calculation shows Zi{w) = 0, i = 1,2. Using this and acting with 
Zi, i = 1,2, on (|7.12p yields for the left-hand side zero and hence for the right-hand 
side 

which can be rearranged as 

/a '^.(/J - fp'Z^Up). (7.13) 

In (j7.13p the left-hand side is holomorphic on TZa and the right-hand side on TZp, 
so we obtain a function that is holomorphic on the entire C, Riemann sphere, and 



°This is less restrictive than it seems since if it is satisfied at one point a then it holds in a 
neighbourhood of cr, compare comment on page 1171 
^See Proposition 12.51 
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therefore by Liouville's theorem both sides are independent of C,. Evaluate (|7.13p 
at C = 0, that is on TZq. This can be written as 



Therefore, /q^ is a sohition for (|7.6p at ^ = and then for all C since we have 
already seen that it is independent of ^. The existence of a simultaneous solution 
to both equations means they are integrablc, thus J satisfies (|5.1ip . 

Another freedom in the construction of J from E is the change of local trivializa- 
tion Pai3 I— >■ H^P^pHp^ , where each Ha '■ TZa GL(7i,C) is holomorphic. Then J 
becomes AJB with A — i7o(ooo) and B — i7i(ooi). This freedom of multiplying J 
by constant matrices is the freedom of making linear transformations in the fibres 
of E over ooq and ooi. By construction J is a linear map E^oi — > Eo^o, but in the 
context of general relativity it was also the matrix of inner products of Killing vec- 
tors. Hence, E^ci has to be interpreted as the space of Killing vectors in space-time, 
and Eaoo as its dual. 

Furthermore, from the context of general relativity we have the requirement for 
J to be real and symmetric, and the constraint det J = — r^. These conditions 
lead to further constraints on the bundle E TZ which arc in general still rather 
complicated [i^. Sec. 5]. To obtain a simplification, we consider only axis-regular 
solutions. 

Definition 7.1. An Ernst potential J' is called axis-regular if the corresponding 
bundle E' — ;> TZy satisfies E' ~ if{E) where E \s a. bundle over TV = TZy such 
that E\so and E\s-^ are trivial. 

Here TZ' is a double cover of the ui-Riemann sphere identified over the two copies 
of the set V where V' is open, simply connected, invariant under w i— > u) and 
V CV {V as in (fTTUl) ). The map tj : Uy Uv is the projection. 

We shall also say that a metric J is axis-regular if the corresponding Ernst po- 
tential J' is. 

Roughly speaking this definition just says that J' is axis-regular if we can enlarge 
the region where two spheres are identified to a simply connected patch such that 
this identification also extends to the fibres of E. The exact shape of V is not 
important. Despite the further identifications we still have the projections — >■ TV 
and can therefore construct J from a holomorphic bundle E' — >■ TZ' that satisfies 
the triviality condition. Choose the copies of the two Riemann spheres in TZ' such 
that ooq G S'o and ooi G 5*1. 

If the bundle was not axis-regular, it meant that there are more than only isolated 
points where the two spheres cannot be identified. Thus, in the light of later results 
fProposition 18 . 1 6l Corollarv l8.17p and [U, App. F] axis- regularity is necessary for 
the the space-time not to have curvature singularities at r = 0. 

This completes our construction of a correspondence between general relativity 
and twistor theory. The following diagram depicts the established relation in a 




But we can also write it as 




^.(./■o"'(0))/o(0). 



= 0, i = l,2. 
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nutshell. 



stationary axisymme- coincidence 

trie space-time of di- > 

mension n Ch.[5] 



ASDYM eonnection for 
rank-(n — 2) veetor bun- 
dle _B ^ [/ 



symmetry 
reduction 



Ch.[7] 



reduced ASDYM 



Ch.|4] 



B' 



symmetry 
reduction 



Ch.[7] 



Ch.[7] 



E^TL 



7.3. Review of the Four-Dimensional Case 

For the rest of this chapter we review results for the case n — 2 = 2, that is J is a 
2 X 2-niatrix and E a rank-2 vector bundle. To characterize the bundle E ^ TV in 
terms of patching matrices we choose a four-set open cover {L/q, . . . , J/s} of 7?.' such 
that C/o U f72 D S'o with V C U2 and ooq&Uq, and [/i U C/3 D Si with V C C/3 and 
ooi € J7i. Now wc use the following theorem. 

Theorem 7.2 (Grothendieck). Let E — ;> CP^ he a rank-a vector bundle. Then 

= L'^i e . . . e l'^" = o{-ki) e . . . ® o{-ka) 

for some integers ki,. . .,ka unique up to permutation. Here, L^^ = ^j^/i L 

the tautological bundle^ 

Hence we can choose a trivialization such that £^[5^ — (B L"^ and E\g^ — 
LP' ©L?', that is 

/ {2w)P \ / {2w)P' \ 

^02 , ^13 — , , 

y (2w)9 J y (2w)9 y 

where we assume that without loss of generality {w = 0} C V which can be 
achieved by adding a real constant to w. The above form of the patching matrices 
can also be concluded from the Birkhoff factorization. 

Now the triviality assumption and the symmetry imply that p ~ —p' and q ~ 
^q' which can be seen as follows. As a generalization of the winding number the 
determinant of a patching matrix has to be topologically invariant which implies 
that p + q is topologically invariant since det P02 ~ w^^"^ . The triviality of the 
puUback of E to J^i- then implies that p + q = p' + q' . We will see later that the 
symmetry of J requires that = ^13^', thus p =^ —p' and q ~ —q'. 

That reduces the patching data to two integers p, q and a single holomorphic 
patching matrix P{w) = P23{w) defined for w £ V . The remaining patching 
matrices are obtained by concatenation. 



"^0(1) is the tautological bundle: If and are linear coordinates on C'^, then ( = z^/z^ is 
an affine (stereographic) coordinate on CP^. Each value of ^, including = oo, defines a one- 
dimensional subspace C C'^. So, as f varies, these subspaces form a line bundle L — > CP^, 
called tautological bundle 0(1). Covering CP^ hy V = {z" i= 0} and V = {z^ # 0}, we have a 
trivialization given by 

t{[z],X{z°,z'^)) = ([z],Xz°) and i([z], X{z° , z^)) = [[z], Xz'^) 

so that the transition function is z^ /z^ = 
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We can then also reduce the reconstruction of J from E' — >■ TZ' given p, q and P. 
For fixed r, z we get a map tt : A" — > 7?.' by 

c^^« = ^Kr'-c) + ^, (7.14) 

where X is again the C Ricmann sphere, namely {(r, z)} x A" C J^r- The map is not 
yet well-defined as outside V' a value of w corresponds to two points of TZ' . So, we 
have to add a rule which of the two points is to be 7r(^). For the construction of 
J{z, r) we need z ± ir to be in V , otherwise tt is only a double cover of one of the 
spheres in TZ' — and C = oo lie on different spheres) for the following reason. 
First note that ( and — arc mapped to the same w, so if w i V' it corresponds 
to two points, each on one sphere, and we have to decide to which sphere we map ^ 
and — C~^- Note further, as soon as we can find a path from ^ to — whose image 
does not go through V' , tt covers only one sphere, because we can only change the 
sphere by going through V' . Now the image of every path from C to — has to 
go through one of the points w = z + ir as ( and — lie on different branches of 
the root function of quadratic equation (|7.14p . hence the path has to go through 
a branch point. Any other value of w can be avoided by picking a suitable path. 
Thus, if w — z + ir i V' , then we can find a path connecting ^ and — whose 
image does not go through V' and tt must be a double cover of one of the spheres. 
However, as we have seen above, if r — r{a) and z = z{a) for cr G E this condition 
is satisfied automatically (which will be assumed further on) . 

If V' is simply connected, tt can be fixed by the condition that C = is mapped 
to ooq G Sq and C = oo to ooi G Si. Yet, even if the space-time is regular on r = 0, 
that is there exist smooth non-singular coordinates on a neighbourhood of {r = 0}, 
the Ernst Potential may have poles on r = (see Example 16. 8p . In most of the 
relevant examples V' is the complement of a finite set — infinity and a finite set of 
isolated singularities, V = CP^\{oo, wi, . . . , w„}, where the Wi he on the real axis, 
thus, suppose V is not simply connected. The Wi correspond to two points of X, 
the roots of 

rC^ +2{w,- z)(:-r = 0, (7.15) 
where r and z are still fixed. Here we need to assign the roots to Sq, Si, say TT{Ci) € 
50 and t:{CI) € 5*1. Choose a cover Vq, Vi of X such that {0, C?, • ■ • , C°} C Vq and 
{oo, Ci , • . . , Cn} ^1- To define J(z, r) we use what is called the Ward ansatz in 
Woodhouse & Mason [i^. Sec. 5.5]. With given patching data p, q and P we have 
patching matrices 



^02 - -Pi3^ ^ I ' \ , P23 - P- 

{2w)i 

Now instead of looking for splitting matrices for Poi, we first do a transformation 
to our patching matrices. Let toq = and nii = — and define 



{2w)P 



— p 














, Ml = 

















ml 1 





rP(-P 
r^C-i 



Then Mq,((^), a = 0, 1, is holomorphic and invertible on Ua and AI2 is holomorphic 
and invertible on U2 and U3. Furthermore, since 



"^o(o)= ^ Qr(r'-c) + ^ 



= 1, 
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and similarly mi(oo) = 1, we get Mo(0) = A/i(oo) = id so that J{z, r) is unchanged 
by using P^^ = M^P^^Mj^^ instead of P^^- Yet, Pgj = 1, which means we can 
reduce our open cover to Uq = UqU U2 and = U^, a = 1,3. For the evaluation 
of J{z, r) we seek a splitting Qo(C) and Qi{C) of the new patching matrix Pqj which 
is 

^01 - AJ,P,,M^' = M„P„,P2,P,,M^' 

\ / (-rt\p n \ 

(7.16) 

) r'iQ-^'' J ^ V ^ / 

QoQi ■ 

Here Qo, Qi are holomorphic in ( and non-singular in Vq and Vi, respectively. As 
before, we set J := Qq(0)Q^"^(oo), and obtain a solution of (|5.1ip . A different label- 
ing of the roots of (j7.15p yields a different solution J, yet these different solutions 
are analytic continuations of each other and one can show that they are different 
parts of the Penrose diagram of the maximal analytic extension of the metric (this 
will be considered again in Chapter [5] from a slightly different point of view). 

From the interpretation of J as the matrix of inner products of Killing vectors in 
general relativity, we require J to be real and symmetric. Therefore, the questions 
arises which conditions we have to impose on our bundle to obtain solutions with 
the desired properties. The following can be immediately read off from the splitting 
procedure in any dimension (restriction to n = 2 not necessary). 

Let i be the map that interchanges the spheres, that is it is the identity on V' 
and otherwise the two points of TZ' that correspond to the same w are interchanged. 
Then J^^ is obtained from the puUback bundle i*{E) and furthermore J~^* is 
obtained from the dual bimdlc E* . Hence, 

J ^J^ ^J-^ = {J-^Y ^ i*{E) ^E* ^ = (P-I)' ^P = P\ 

or in other words J is symmetric, which means J = J', if and only if P = P*, that 
is P is symmetric. 

Remember in general for a holomorphic function Lp[a) we have that is real on the 
real numbers if and only if (^(a) = 'p(a). So, if P is real in the sense P(w) = P{w), 
then by (|7.16|) we have 



P{w) = P{w) 



MO-QiiO =Qo(C)Qi(C)-\ r,z€' 



--1 



o(C)-Qi(C) ^QohOQihCr\ zeR,r€ 



So, J must be real as well, provided r, z G R or 2 G R, r G iR. In terms of the 
bundle this is the condition E ~ j*{E) where E is the complex conjugate bundle 
of E and j*{E) is the puUback with the complex conjugation on the spheres 

Sq — > 5*0, w H> ?Z); 

J • 

5i — > 5*1, w > w. 

The converse, that is a real J implies a real P, is then also obvious. 

Moreover, for n = 2 it can be shown that (see for example [i^, but as cited here 



it is taken from [17[) 



• If dct P = 1, then det J = (-r^Y^\ 
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• If J is obtained from an axis-regular space-time and if the definition of tt 
is such that Ci* ^ and Q — > oo for r — > oo and all i, then p = 1, q = 
and P{z) = J'{z,0) on the rotational axis or on the horizon. Here, J' is 
the Ernst potential. Thus, P is the analytic continuation of the boundary 
values of the Ernst potential. 

As an argument in Fletcher [l6| shows, this can be seen from the 
determinant condition above and the fact that J is bounded on the axis. 
The determinant condition implies p + q ^ I and an asymptotic relation 
between J and P reveals that if J is bounded as r — > then p and q must 
be non- negative. So, either p = 1, q = or p = 0, q ^ I. We can assume 
that the trivialization over 5*0 and Si can be chosen such that the first 
holds. The same argument implies that the twistor data obtained from J' 
has p = q = 0, since det J' = 1. This goes along with the interesting effect 
that the gau ge groups for J and J' (in their Yang-Mills interpretation) are 
different [49|, Sec. 6]. 

• If J comes from an asymptotically flat space-time in the sense that its 
Ernst potential has the same asymptotic form as the Ernst potential of 
Minkowski space with rotation and translation as Killing vectors, then 
P(oo) = 1, and conversely. 

These results can be used to look at some examples. 

Example 7.3. 

(1) Minkowski Space with Translation and Rotation 
Written in cylindrical polar coordinates 

ds^ = dt^ - d0^ - dr^ - d?? 

we can take the Killing vectors tohc X — de^Y = dt- The matrix of inner 
products and the Ernst potential are then 



1 y ' vol 

Since it is axis-regular we also have p = \ and g = with V the entire 
complex plane. 
(2) The Kerr solution 

The patching data for the Kerr solution is (without proof) 



P{w) 



(w + m)'^ + c? 

2am (w 




where a = y^m^—c? for a < m. Axis-regularity implies again p = 1 and 
5 = 0. The open set V is the complement of {oo, wi, ^2} where wi — a 
and W2 = — cr. 



CHAPTER 8 



Twistor Approach in Five Dimensions 



Most of what we have seen about the twistor construction at the end of Chapter [7] 
gcnerahzes without any effort to five and higher dimensions. Only, instead of two, 
the rank of the bundle will be three so that we have three integers instead of only 
p and q in our twistor data (respectively n — 2 in higher dimensions) . The splitting 
procedure itself is not affected by increasing the rank. However, since the splitting 
itself is complicated, we have seen that the Ernst potential J' is a crucial tool for 
any practical application of the twistor characterization of stationary axisymmetric 
solutions of Einstein's field equations, and the way we obtained J' in Chapter O 
seemed to be tailored to four dimensions with two Killing vectors. So, in order to 
pursue this strategy we have to define an Ernst potential in five dimensions. First, 
we are going to say a few words about Backlund transformations, because we will 
see that we secretly used them to obtain J'. Since some of the following extends 
immediately to higher dimensions as well, we will present most of it in n dimensions. 



In the last part of this section we generalize results from Fletcher [ly, Sec. 2.4] 
in order to conclude the important fact that the integers in the twistor data are 
non-negative as in four dimensions. 



8.1. Backlund Transformations 

In Chapter we derived Yang's equation as one way of writing the ASDYM equa- 
tions with gauge group GL(ri,,C). It has a number of 'hidden' symmetries one of 
which is the Backlund transformation. 

As in Mason & Woodhouse [ssl. Sec. 4.6] we can decompose a generic J-matrix 
in the following wajQ 



- BAB -BA 

Ab a 




(8.1) 



where ^ is a fc x fc non-singular matrix (k < n), A\a kxk non-singular matrix with 
k + k = n. Then, B is a. k x k and B a, kx k matrix. The term 'generic' rules out for 
example cases where A is not invertible. Substituting this in Yang's equation 
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we get the coupled system of equations 

d,{AB,A)-d^iAB^,A)^0, 

(8.2) 

d4A-^Ai)A-' - du,{A-^Au,)A-^ + B.ABs - Bu,ABa = 0, 

A-^dMiA'^) - A-^dUAn,A-^) + B,AB. - B^AB^ = 0, 

where an index denotes a partial derivative (see Appendix[T]for detailed calculation). 
The first two equations arc integrability conditions and they imply the existence of 
matrices B' and B' such that 

diB' = AB^A, d^B' = AB,A, 

d^B' = AB^i, dn^B' ^ ABiA. 

Definition 8.1. Together with B' and B' we define the other primed quantities 

as 

[A, i, S, B, k, k) ^ {A' = A-\A' = A-\B', B' , k' ^k,k' = k) . 
Wc call the matrix J', that is obtained from J by (|8.ip with the primed blocks 
instead of the unprimed, the Bdcklund transform. 

Proposition 8.2 (Section 4.6 in Mason & Woodhouse (ssj). 

(1) J' is again a solution of Yang's equation. 

(2) {,]')' = J 

Proof. 

(1) Substitute the unprimed by the primed versions in (|8.2p . 

(2) Noting that B^ = A~^B'^A~^ = A'B'^A and similar for the other integra- 
bility equations, this statement is obvious. 

□ 

However, the connection between ASDYM and Einstein's field equations in the 
stationary and axisymmetric case was given by the reduced Yang's equation 

rd.^{J-^d^J) + dr{rJ-^drJ) = 0, 

see (|5.1ip . The reduction was induced by the coordination transformation 

z ~ t + X, z = t — X, 1/7 = re'^, w — re~'^. 

Now we have to be careful, because the r-derivatives also act on the r-factors ap- 
pearing. But an analogous calculation as above (see Appendix shows that the 
reduced Yang's equation is equivalent to a similar set of equations 

rd^{AB^A) + drirABrA) = 0, 



(8.3) 



rd^{AB^A) + drirABrA) = 0, 

rd^{A-^A^)A-^ - dr{rA-^Ar)A-^ + rBrABr - rBrABr = 0, 

rA~^d^{A^A^^) - A-^dr{rArA-^) + rBrABr - rBrABr = 0, 
where all matrices are functions of x and r. The integrability conditions arc now 
drB' = rAB^A, d^B' = -riS^A, 

drB' ^ rAB^A, d^B' = -rABrA. 
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So, we have to adapt the transform, namely we define A' = r^'^A^^, A' = A^^ 
and the rest as abov^. Again by substitution it can be checked that this gives 
a solution of the reduced Yang's equation. However, one should note that this 
modified Backlund transformation is not an involution anymore since the definition 
for A', A' is not involutive. The definition for B' , B' is still an involution so 
that the inverse Backlund transformation is obtained by i? = i?", B = B" and 
A = r-^A')-\ A= {A')-\ 

Proposition 8.3. 

det J' = (-r)2(i-'=) 

Proof. Note that for the decomposition of a general matrix in block matrices 
we know from basic linear algebra 



det 



^ ^ j = dct(S') det(P - QS^^R), 



if S is invertible. Applied to our decomposition (|8.1|) this yields 

det J = det(i) dct{A-^ - BAB + BAA-^AB) = det(i) dct{A-^). (8.4) 
Now using the fact that det ,/ = — we obtain 

det J' ^ det(i')det((.4')-i) 

= i-r)-^'' det(^-i)det(i) 
= (-r)-2'= det(J) 



Example 8.4 (Backlund Transformation in Four Dimensions). As in [33|, 
Sec. 6.6], we consider the four-dimensional case with two Killing vectors. As in 
(|5.2ip we set A = —r~^f, A = f , B = —B = a. Then the integrability equations 
take the form 

d,{r~^fd,^a) + drir'^fdra) = 0, 

like in ()5.22p . The blocks for the Backlund transform arc B' = -B' = A' = 
i-i = /-I, A' = -r-^A-^ = defining 



where the existence of i}} is ensured by the integrability condition as above. Hence, 
our Ernst potential is obtained by a Backlund transformation. 



8.2. Higher-Dimensional Ernst Potential 

Let us first recall the definition of twist 1-forms, twist potentials and some of their 
properties. 



^Note that this modification is not mentioned in |33l . Sec. 4.6], but necessary to obtain the correct 
result in Example 18.41 
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Definition 8.5. Consider an n-dimensional (asymptotically flat) space-time M 
with Xq a stationary and Xi, . . . , X„_3 axial Killing vectors, all mutually commut- 
ing. The twist 1- forms are defined as 



where A = \/—g = rc^'^ , according to (|5.18p FI 
Adopting a vector notation 





( ^ 




( X, \ 


w = 














{ Xn-3 J 



this can be written as 

^a = A£,,...,,,x^•.x^3V'^x^ 

Let 9 J, I £ {1, ... , n — 3}, be the dual to Xj, that is 9^^ = gi^jXj. 

Proposition 8.6. 

(1) The twist 1-forms can be written as 

w/ = *(6li A . .. A6'„_3 Ad6'/), / G {1, . . . , n - 3}. (8.5) 

(2) uj is closed. 

(3) ui annihilates the Killing vector fields Xq, . . . , X^-^. 
Proof. 

(1) Suppressing the /-index for 9, we note that 

as we use the Levi-Civita connection for which F^^ = '^l^^L^^ ■ But d^J^g]^ are 
the components of A9 so that from the definition of the Hodge dual we see 
that (|8.5|) is an equivalent way of writing the twist 1-forms. 

(2) Analogously to the proof of [45|, Thm. 7.1.1] implied by the vacuum field 
equations. 

(3) We denote by xk the coordinate belonging to Xk, iiT = 0, . . . , n — 3, and 
for M /Q we use again r and z as coordinates. It is sufficient to show that 
UJ = LOj-Ar -\- uiz dz with all other components vanishing. We will do the 
following calculations a bit more in detail as the results will proof useful 
later on. Using 

eik = guaX^ = JM for/ = l,...,n-3, 



'Note that in |24|| the notation is taken from [isll where e is already the volume element. 
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we first calculate 

dOi = a, Jo/ dr A da;° + . . . + drJn-sj dr A da:"-^ 

+ d^Joi dz A da;° + . . . + d^Jn-sj dz A dx""^ 

= -{drJoi d.T° + . . . + drJn-3j dx"'^) A dr 

- Jo7 dx° + ...+ d,Jn-3,I dx"-^) A dz. 

This gives for / e {1, . . . , n — 3} the following 
6li A . . . A 6'„_3 A d9i = -{Jki dx^) A ... A ( Ja/,„-3 dx'^') 

A {{drJm dx^) A dr + {d^Jm dx^) A dz) , 

where the summation over capital latin indices runs from to n — 3. At 
this point we can already see that only w^, are non-zero, but let us 
determine them somewhat more precisely. Our volume form is 

dvol = r da;° A . . . A dx""^ A (w dr) A (w dz), 

so that 

* (rda;° A . . . A dx''^^ A {lu dr)) ^ (-l)"-2^dz, 

since the left-hand side contains n — 2 spacelike and one timelike compo- 
nent. Thus 



'-dz; 
r 



* (d.T" A ... A d.T"-3 /\ dr) = (-1)^ 
similar for dr 4-)- dz but with the opposite sign. Whence we obtain 

r = (-l)"^"^- ^ Sgn(a) Ji_cr(0) ■ ■ ■ •^Ti-3,o-(n-4)C^z<//,o-(n- 



-3) 



^idet 
r 



Joi 



Jo,n- 



dzJai 



\ 



y Jn-3,1 



J n- 



3,n—3 



dz Jn- 



3.1 



(8.6) 



where Sn-2 arc the permutations of n— 2 elements. An analogous equation 
holds for ojjz- □ 

The last statement in the above proposition implies that oj can also be regarded 
as 1-forms on the interior of M/Q. Due to the form of the cr-modcl metric there 
should be no confusion if wc denote both the form on M and the one on AI/Q 
by the same symbol. Being a form on M/Q means that lo has only non-vanishing 
components for the r- and z-coordinate, and of course as a form on M/Q it will 
again be a closed. This gives rise to the following definition. 

Definition 8.7. Locally there exist functions on M/Q such that 

drXi = ^ir and dzXi ^^^iz for / = 1, . . . , n - 3, 

or equivalently in vector notation 

dx = w. 

These functions xi are called twist potentials. 
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The construction of the Ernst Potential in Example 18.41 is tailor-made for dimen- 
sion four, and it is not immediately obvious how to generalize it to higher dimen- 
sions. Nevertheless, there is an ansatz in Maison 3l|, where it is noted that the full 
metric on space-time, that is essentially J, can be reconstructed from knowing the 
two twist potentials (in five dimensions) x, the 2 x 2-matrix A — (^XfX'^gab) j 2 

and its non- vanishing determinant det A on the factor space M/Q. The matrix in 
3ll Eq. (16)] will then be our candidate for the higher-dimensional Ernst Potential. 
Note, however, that the condition det A needs further investigation. 

Closely connected to the non- vanishing determinant is the concept of adaptations 
to certain parts of the axis r = 0. Recall that the assumption of axis-regularity was 
an important one. It said that the region where the two spheres of the reduced 
twistor space are identified can be enlarged to a simply connected patch such that 
this identification also extends to the fibres of the bundle. The exact shape of V 
is not important, however, there is still an ambiguity if we have a nut on r = 
Figure [T] shows how we can choose different extensions of V. From Example 16.81 we 



A 





Reui 



Figure 1 . Two different extensions V/ and V2 of V around a pole 
of J' (bullet on the real axis). 

learn that the choice of V matters, that is wc obtain different Ernst potentials J' 
for different extensions. 

Definition 8.8. In any dimension given an axis-regular J' wc shall call it adapted 
to the rod {ai,a,+i) if V'\r=o ^ {a,,ai+i). 

For a rod corresponding to a rotational axis we know that along this rod a linear 
combination of the axial Killing vectors vanishes. By a change of basis we can 
always assume that without loss of generality this vector is already in the basis, say 
Xk = 0, K > 0. Then we make the following definition. 



Remember that we assume that there is only a finite number of isolated nuts. 
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Definition 8.9. In dimension n we call A adapted to (a^, a.^+i) the 3) x (71— 3)- 
matrix that is obtained from J by 

(a) cancelling the K^^ column and row, if (a^, a^+i) is a rotational axis and Xk the 
corresponding rod vector; 

(b) cancelling the O"^ column and row, if (ai,a,+i) is the horizon. 

The following lemma shows the reason for the latter definition. 

Lemma 8.10. A adapted to (0^,0^+1) is invertible on (ai,ai+i) and becomes sin- 
gular at the limiting nuts. 

Proof. This is a simple consequence of what we have seen in Section 16.21 
First, consider a rod corresponding to a rotational axis (0^,0^+1). Here J is an 
(n— 2) X (n— 2) matrix and has rank 3. Since Xk = on (a^, Oi^i), we cancelled a 
zero column and row, thus it follows that A has full rank and det A ^ on (a^, Oi^i). 
Of course, where the rank of J drops further, that is where dimker J(0, z) > 2, the 
matrix A cannot have full rank anymore and dct A = 0. So, this adaptation becomes 
singular as soon as we reach one of the nuts limiting this rod. 

Second, consider the horizon rod (a^., a/,+i). Here the first row and column of J, 
that is the one with the asymptotically timclike Killing vector in it, becomes zero. 
Then A adapted to {ah, Oh+i) has full rank on (a/,., a/i+i), and becomes singular at 
the nuts where the rotational axes intersect the horizon. □ 

Note that at the beginning of this section we defined the twist 1-forms by 
singling out Xq. However, the definition works just as well with the set 
Xq, . . . , Xk, ■ • ■ , of Killing vectors. For an adaptation to a certain rod we 

obtain in the same way as above n — 3 twist potentials by omitting the rod vector 
for this rod. 

Now, we have collected all the components for the following definition, which is 
a modification of [31I, Eq. (16)]. 

Definition 8.11. In n dimensions and for a given rod (0^,0^+1) we call the 
matrix 

J'=^( ' V (8.7) 

detA y _^ deti-i + xx* / 

where A is adapted to (a,;, at+i) and x is the vector of twist potentials for (a^, Oi^i), 
higher- dimensional Ernst potential adapted to (ai,ai+i). 

Remark 8.12. 

(1) For n = 5 this is becomes on the horizon rod 

-Xi dct i-Jii+x? dcti- J12 + X1X2 
y -X2 det i • J21 + X2X1 det i • J22 + xl / 

(2) Note that J = (_g(Xj,Xj)) is a matrix of scalar quantities, hence J is 
bounded for r — > 0. So, the domain of J' is only restricted by det A and 
by the arguments above we see that for an adaptation to (0^,0^-1-1) the 
limit J'(0, z) is well-defined for z G (a^, Oi+i). 



detyl 
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Lemma 8.13 (Maison [311]). J' = (J')S det J' = 1 and 



{■r 



Proof. The first part is obvious, the second part is an easy calculation and 
Proposition 18. 31 implies for A: = 1 that det J' = 1. □ 

Even though ingredients and the matrix J' itself were known already before, the 
crucial new step for the twistor construction is to recognize the following. 

Theorem 8.14. J' is obtained from J by a Bdcklund transformation. 

Proof. Consider without loss of generality J' adapted to the horizon. We 
decompose J according to (|8.ip 



- BAB -BA 
AB A 

with A as above the spatial part of J, 



B = -B* = A 



( * ] 

\ Jo,n-3 ) 



and fc = l, /c = n — 3. In order to calculate A remember that the inverse of a general 
matrix was given 

1 ^^^^ 



det A' ' 

where A = ((-1)*+-'' det(Aj)) with being the matrix obtained from A = (Aij) 
by crossing out the i^^ row and j^^ column. 

As a first step towards yl we do a Laplace expansion of det J along the first row 

n-3 

det J = Joo det i + ^ (- 1 ) '=+2 Jok det Jok , 
fe=i 

and by another Laplace expansion (also using that J is symmetric) 

n-3 

det Jok = ^(-l)'+Vo, det Aki- 
1=1 

Substituting the latter one in the expression for det J yields 
det J = Joo det i - ^ (-1)''+' Jofe det AkiJoi 



k,l=l 



Ji 



01 



= Joo det i - det i ( Joi • • • Jo,„_3 ) A ^ 
which is equivalent to 



det J 

''00 



det A 
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Hence 



A- 



det A 
det J 



and we can, in line with the Backlund transformation, define 

i' = =deti-i. 

To complete our proof of showing that J' is a Backlund transform we have to verify 
that the integrability conditions yield the right expression for the twist potentials. 
They take the form 













\ Ja,n-3 I I 





( 

















and B' = — (B')'. We are done if we can show that B' = x because then our 
constructed J' coincides with the Backlund transform (apart from swapping the 
first and last row, respectively column, which does not affect our considerations). 
So, it remains to show 



drX = ujr = r~^ det{A)Adz A 



d^X = ^z = -r~^ (let{A)Adr A" 



(8.8) 



Jo. 



n— 3 



Starting from the left-hand side of (|8.8p we Laplace expand the determinant in 
(|8.6p twice; first along the last column and then along the first row 

r-iJir = (-l)"-H-l)i+("-2)a,Jo/ -deti 



n— 3 



Jl.l 



1=1 



Jo. 



n— 3 



Jl.n- 



\ Jn-3,l • • • >/n-3,n-3 / 

a,Jo/-deti+;^(-l)'5,iz/ ( ^(-l)^+iJofc-detifci^ 

\ >^0,Ti-3 



n— 3 



1 = 1 



/ n— 3 



\k=l 



Ad A 



d^Joi-i dAii ••• a,i„_3./ )A-^ 
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However, the last line is the /' 

r ■ ijjr = dct A 




= detA-Ad,^ 



A 



1 




which corresponds to the right-hand side of ()8.8p . An analogous computation veri- 



Tliis completes the justification to call the J' defined in (|8.7p Ernst potential — 
by Proposition 18.21 it satisfies Yang's equation and by Lemma 18.131 it is symmetric 
and has unit determinant. 

8.3. Properties of P and the Bundle 

Having different adaptations of J' which are related to different extenstions of V 
the question arises whether these yield equivalent bundles over the reduced twistor 
space. To sec that is true is not very hard using results in Fletcher [l^. 

Proposition 8.15 (Proposition 3.1 in Fletcher [ll|). Suppose E — ^ TZy , the bun- 
dle corresponding to a solution J of Yang's equation on the set V, can be represented 
as the pullback of the bundles — > TZvi o-f^d E"^ — > Ti-v^, where V{ and V2 are sim- 
ply connected open sets which intersect the real axis in distinct intervals. Then E^ 
and E'^ are the pullbacks of a bundle E — >■ TZy where V = Vi U V2. Moreover, we 
can express E in standard form in two different ways; and one of the collections 
of patching matrices is identical to the collection used to describe E^ and the other 
collection is identical to that used to describe E"^ . 

Sketch of Proof. The proof in Fletcher [l3| only makes use of the construc- 
tion for the reduced twistor space and not of the rank of the bundle. So, it carries 
over to higher dimensions. 

Roughly speaking the argument is that for two different adaptations with reduced 
twistor spaces TZvi a-nd 72,^2 , as in Figure [1] their pullbacks to TZy have to be 
equivalent (in the sense of Proposition (23]), since in both cases it yields the bundle 
defined by the solution J for (|5.1ip . But if they are equivalent on TZv and are both 
analytical continuations, then they have to belong to the same bundle and are only 
two different representations of it. □ 

The bridge between Ernst potential and patching matrix is built by analytic 
continuation. 

Proposition 8.16 (Proposition 7.2 in Woodhouse & Mason [H]). In five as well 
as in four dimensions if P is a patching matrix of an axis-regular Ernst potential 
J' on V , then J' is analytic on (a choice of) V' and J'(0, z) ~ P{z) for real z. 

Proof. This is literally the same as for Woodhouse & Mason [4^, since it does 
not make use of the rank of the bundle. Note that even though in the statement 
there the assumption of J being positive definite is made, it in fact is not necessary 
for the proof. □ 



fies the second equation of (|8.8p . 



□ 



8.4. PATCHING MATRIX NEAR THE AXIS 



61 



Corollary 8.17. A patching matrix P has real singularities, that is points 2 € R 
where an entry of P has a singularity, at most at the nuts of the rod structure. 

Proof. Suppose P corresponds to the bundle E Ti-y, where V is the max- 
imally extended region over which the spheres can be identified. Suppose further 
that P has a real singularity d € R which is not one of the nuts, say without loss 
of generality d e (0^,0^+1). Then from Proposition 18.151 we know that E can on 
Vi be expressed in standard form. But using Proposition 18.161 that means that 
P{z) = Jj'(z,0) for z € (ai,ai_|_i). On the other hand we have seen earlier already 
that Jj' is regular on {ai,ai^i) and only becomes singular when approaching the 
nut. Contradiction! 

For every other bundle E — > TZy it must he V C V , hence E is the puUback of E 
and as such the patching matrix of E cannot have poles where the patching matrix 
of E has not. □ 

As in Fletcher [l6| we sometimes also call the singularities of P double points, 
because the singularities of P are the points where the two Riemann spheres of the 
reduced twistor space cannot be identified. 

Proposition 8.18. The real singularities of a patching matrix P are simple poles. 

Proof. We have seen above that on the real axis r — Q the singularities of P 
are caused by the term detA. So, consider the rod (0^,0^-1-1) where A has full rank. 
The determinant of a matrix equals the product of its eigenvalues. Furthermore, 
towards the nuts Oi, a^+i we know, also from above, that the rank of A drops 
precisely by one which is the case if and only if det A contains the factors z — a; 
and z — fli+i, respectively, with multiplicity one. □ 

Note that if P has a pole with r ^ 0, then it is obviously not splittable at this 
point, see ()7.12p . hence we do not obtain J at this point by the splitting procedure 
which means the metric might be singular at this point. We would like to exclude 
such situations. However, referring again to (|7.12p it is evident that the splitting 
procedure in general does break down for r — >■ 0. So, one has to study this limit 
by means of other tools, see Section 18.41 and we have seen in Example 16.81 even for 
regular space-times it is possible that P has real poles. But as in Chapter [7] we 
assume that there are only finitely many of them. 

8.4. Patching Matrix near the Axis and Twistor Data Integers 

In this last part we will sketch a generalization of the asymptotic formula of J for 
r — >■ 0. Originally, the result in four dimensions goes back to Ward but here 
we will follow the lines of Fletcher [B, Sec. 2.4]. 
In Section we defined 




where g ~ (det A) ^. We have shown above that P{w) is the analytic continuation 
of J{r ~ 0, z), hence we can assume that it also takes the form 




62 



8. TWISTOR APPROACH IN FIVE DIMENSIONS 



but the entries being functions of w. Analogously to Chapter [7| we have 

Po2 = Pr,' = diag {{2wr , (2^7' A^w^) , P23 = P 

Furthermore, we assume for the integers pq > pi > P2, which is just a question of 
ordering. Following exactly the lines as in Chapter [7] we obtain 



QqQi 



Po 



Pi 



V 



c) J 



P{w) 



i-rcy 



\ 



V 



i-rcy 



where the left-hand side is a function of (. With 




Po 



P{w) 



(-0 



Pi 



'P2 



(-0 



P2 







frP" \ 


rPi 


Roi 


j,Pi 


\ rP^ I 




[ rP^- 



Suppose we can split g = g^Qi^, where is holomorphic in that is on So, and 
g^^ is holomorphic in , that is on Si. This may be achieved by the use of a 
Laurent series. We claim that then i?oi can be split as follows 



Roi — 




where Aq is holomorphic in (,, that is on Sq, and lower triangular, and A^^ is 
holomorphic in C"^) that is on Si, and upper triangular. All these steps generalize 
straight-forwardly to more than five dimensions. In the case of n dimensions the 
range of integers is po ^ • ■ • > Pn-3- In the following paragraphs it does not 
simplify the notation if we restrict to n = 5, therefore we will consider the more 
general setting. 

The matrices Mq, Mi are not necessarily holomorphic and non-singular on Sq or 
Si, respectively. Yet, we can expand x(^) a-^d the off-diagonal entries of ^o(''^) 
around w = z which yield^ 



X 



H = E 



and similarly for the entries of A^{w). Here x'^^^ denotes the k^^ derivative. 

^Remember w = ^r[(^~^ — + z. 
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Denote by Jki.o the (fc^)-entry of Aq (fc, ^ = 1, . . . , ti — 3). Now consider the (kl)- 
entry of AIq where k,l = 0,...,n — 3 and without loss of generaHty k > I. This 
entry gets multipHed by C^*" j where Pfc — p/ > by the chosen order of the Pi 
and because Mq is lower triagonal. Hence, all the terms up to 0{rP''~P') in the 
Taylor series for the (fcZ)-entry are indeed holomorphic on 5*0 and the terms up to 
Q(^j.Pk-pi-i^ vanish at C = 0. Therefore the lowest order contribution for r for 
this entry is 



^XP0-Pl)/\ „ 

Xi \z) ■ go, 



or 



2Po-Pi{po-piy/ 

(8.9) 

rPk-Pl I 

r4r.o"''^W-5o forfc>l. 



Analogous arguments work for Al^^ . Thus the obtained asymptotic behaviour as 
r -> is 



J 



where 




(-l)P" 



T(i) 



Y(n-3) 



with = ; -x^r>o-Pi)(,\ 

2Po-Pi{po^Pi)r ^ ^' 



and A = AqAi^ with the entries of ^Iq as in ()8.9p and analogously for Ai^. 

Note that all exponents of r in i? are greater than 0. Thus on a part of the axis 
r = where A is not singular, that is everywhere apart from the nuts, we see that 
boundedness of J implies pi > 0. 

It remains to justify the claim about the splitting of i?oi- As [l6|, Sec. 2.4] shows 
it is not hard to find a splitting in the four-dimensional case under the assumption 
that g splits appropriately 

^Po-pi 



1 



To obtain a splitting in the five-dimensional case we make the following inductive 
ansatz 
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where D is the upper (2 x 2)-block whose sphtting D = DqD^^ we know. The 
indices nought and one bear the same meaning as above. Then _Bg and B^^ are 
fixed by D, Dq, D^^ and B. It is not hard to see that Bq, B^^, Cq, B^^ can 
be found such that they are holomorphic on the appropriate sphere. One has to 
ensure that certain entries of A are non-zero, which can without loss of generahty 
be assumed if we choose the adaptation to the right part of the axis. This inductive 
argument can then be continued to obtain sphttings higher dimensions if needed. 
For n ~ 5 wc get for example 



•Joo 



00 



(8.10) 

Note that we assumed the metric to be analytic throughout the space-time (up to 
and including the axis), so that it is not necessary to split J^; or the twist potentials. 

Using the freedom in choosing the splitting matrices as in Chapter [7] so that 
Qi^{oo) = id and assuming that detP = 1 we obtain from the above splitting 
formula 



det 



and thus 



V 



P{w) 



det J = det(3o(0) 



= (_l)P0 + ---+P"-3 



So, if all Pi are non-negative this forces 

po = 1, pi = 0, . . . , p„_3 = 0. 
In this case the asymptotic formula simplifies to 




1 



higher orders in r, 



where 



T 



T(i) 



with T(i) 



r d 
2 dw 



X{w) 



and A is the same as in the definition of J'. 

If det J = 1 as for the Ernst potential we get back our analytic continuation 
formula 

J(r, z) = P{z) + higher orders in r. 



CHAPTER 9 



Patching Matrix for Relevant Examples 



In the previous chapter we have discussed how to extend the twistor construction 
to five dimensions. Let us now look at some examples. For all the space-times we 
first need to know the metric in the cr-model form, that is we have to calculate 
J{r,z). After that the Ernst potential, respectively the patching matrix, can be 
computed which mainly means determining the twist potentials on the axis. The 
easiest to start with is flat space in five dimensions. 



9.1. Five-Dimensional Minkowski Space 

The real five-dimensional Minkowski space is the manifold with metric given in 
the standard basis as 

ds^ — — dxQ -f dxf + + dx^ + dx^. 

Along the lines of Sec. 4] we define the Killing vector fields Xi ~ d^, X2 = 
as generating the rotations in the (12)-plane and the (34)-plane, that is 

f Xi\ ( Xz 

Lp = arctan — , V = arctan — 

\X2j \Xi 

To obtain the cr-model coordinates we define 



where Ri = ^yxf+x^ and i?2 = V •'^3 + ^4- This yields 
thus we get the relations 



RI = VrM^+z, i?2 = V r"^ + z'^ - z. 

Now by the definition of the symmetries we have xi = Ri cos tp, X2 = Ri sin tp so 
that 

dxl + dxl = dRl + Rl dip^ = dRl+(^ ^/r^ + z^ + dip'^, 
and similarly 

dxl + da:4 = dR^ + Rj d^j^ = di?^ + ( Vr^ + - dV'^ 

whence 

dr^ +dz^ = 2 {Rj + Rl) {dRj + dRj) . 



Hence, 



e-- ' - ' 



2iRl + Rl) 2Vr^+z^' 
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Summing up, the metric in cr-model form is given by 



J(r, z) 



and 







z + \^r^ + z^ 







— z + \/r'^ + z'^ 



2x/r2 + 22 



(9.1) 



(9.2) 



Since dim(ker J(0, z)) > 1 only for z = 0, we can read off that the metric admits two 
semi-infinite rods, namely (— oo, 0) and (0, oo). Because J is diagonal Oi l\d6i = as 
it contains an overall factor of the form dyi A dyi . It follows that the twist potentials 
are constant on all of Minkowski space and thereby we obtain the patching matrix 
as 



P±(z) =diag( +2^,-1, ±2z 



(9.3) 



where the upper sign combination is for P adapted to z > 0, and the lower one for 
z < 0. 



9.2. Twist Potentials on the Axis 

As part of the algorithm for obtaining P(z) from the metric we need to calculate 
the twist potentials just on the axis. Explicit expressions for twist potentials have 
been obtained for example in (4^ . [isj , but these are given only for the black ring 
and not in Weyl coordinates which we need here. Therefore it is simpler to rederive 
some results, not only for completeness but also for providing a way of calculating 
the twist potentials on the axis for other space-times where they are not yet in the 
literature. 

First we derive general formulae. Assume that the metric takes the form 
ds^ = Joo dt^ + 2 Joi dtd(p + 2Jq2 dMV^ + Jn d(p^ + 2 J12 dipdip 
+ J22 dV^' + e^" (dr^ -f dz^) , 

and rewrite it as 

ds^ = -F'^ {dt + cji d<^ + UJ2 dijf + {d^j + Q. dipf 
+ dip"^ + e^" (dr^-f dz^), 

with 

= —Joo, —F^uji = Joi, —F'^uj2 = J02, 

-F^w^ + G^ = -F^ujiLj2 + G'^^ = J12, 

-F^ujj + G^n^ + H'^ = Jn- 

The latter form has been chosen to facilitate calculating P adapted to part of the 
axis where z — )■ 00 and ~ 0. In terms of the orthonormal frame 

6lO = F {dt + ujidtp + UJ2 dij) , ^Gidip + n dip) , 



e^^Hdif, e'^^e^dr, 9* = e''dz, 
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the Killing 1-forms take the form 
d 



d_ 

Using dip = H-^e'^, dip ^ G^^ 9^ - nR-^ 6'^ this yields for the first twist potential 
dxi = * (T A * A dT) 

= * {F^G 61" A A (dwi Adip + duj2 A di/;)) 

= * {F^G9" A 6*1 A {doji A 9^ + dw2 A {-^H-^ 9'^))) 

F^G 



H 

and for the second 



*{9° K9^ h9'^ h{dui-ndu2)) , 



dx2 = * (r A * A d^f) 

= * ( -i^G 61° A Ad*) 

= - * (FGe*" A 6li A (G^ dr? A d(^ - i^2^2(dcji A d(^ + dwa A dtP))) 
FG 

= — * (6*" A 6*1 A 6*2 A (G^ df^ - F^wa dcji - F^wa^^ dtJa)) • 

Since J = J{r, z) all the functions depend only on r, z, hence so do Xi s-^d LOi. Then 
the total derivatives are dxi = drXi dr + ^zXi dz and analogous for uji. Furthermore, 
noting that dr = e"'' fl'^, dz = e"'' 9^ the above equations read 

dxi 9rXi dr + 9^X2 dz 



F^G 
H 



* 61" A 6*1 A 6i2 A ({drUJi - ^^wzjc"'' 9^ 



F^G f \ 
I (pr'^i — r2 9rW2)dz — (pz'^i — f2 32a;2)dr] 



and 



dx2 = 9^X2 dr + 9^X2 dz 

FG ( I 

= — * 61" A 6'i A 6|2 A [G'^dr^ - F^wz^r-wi - F'^uj2^dr^2)&^'' 6*^ 

+ (G^a^O - f2w2S^wi - F'^u2^d:,W'^e"' 9^ 



68 



9. PATCHING MATRIX FOR RELEVANT EXAMPLES 



FG 

with e e {±1} only depending on the chosen orientation of our orthonormal tetrad. 
Here comes the point where we need to specify our metric functions in order to 
calculate the twist potentials. First we are going to look at the asymptotics since 
they will give us important information later. 



9.3. Asymptotic Minkowski Space-Times 



For a stationary and axisymmetric space-time in five dimensions we learn from [2X1 . 
Sec. IV. C] not only that it asymptotes Minkowski space but also how. In tj-model 
form (for \/r^ + z^ — > oo and 
follows 



finite) the metric coefficients converge as 



^01 = — 

Ju 

Jl2 



-1 



4M 



1 



Li \/r^ + — z 



j,2 _^ .J2 



L2 \/r^ + + z 



j,2 _|_ ^2 
2 



Z^ 



+ 0((r2 + z2)-i)^ 
2 M + 77 



(r^ + 22)2 

J22 = ( \J 7-2 + 2;2 + 



Stt Vr2 + ^2 
2 M -1-1 



(9.4) 



1 



1 



2 Vr2 + z2 



+ 0((r2 + 22)-i). 



Furthermore, M is the mass of the space-time configuration and Li, L2 are the 
angular momenta; C and i] are constant where 77 is not gauge-invariant, that is it 
changes under z — > z + const., unlike ^; the periodicity of and "0 is assumed to be 
27r (the case when it is lixe is given in [21I . Sec. IV. C] as well). 

Our aim is to integrate dzXi along the z-axis, therefore we first need the metric 
coefficients in the limit z — > +00 for fixed r. In this case \/r2 + z2 ^> z ^1 + 
which yields for the leading order terms in z 



00 



4A/ 1 
Stt z ' 



01 



2 M + 77 
Stt z 



Lir2 

-„2 



-^12 ~ C-^, 



•/02 
J22 



2L2 1 
TT Z ' 



2z 1 



2 

Stt z 
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therefore 

^ i - — , !:< UJl ^ t UJ2 ^ : 

^ J22 + -F'c^2 - 2z + ^(Af - 77), 

OTT 

We observe that the leading order terms in z of F ^ ijj2^ G are 0(1) and of uji, O, 
are 0{r^). So, the terms containing VL can for r — >■ be neglectedQ Furthermore 
we have 

r^o 1^2 M + rA 1^ 3ii 1 
^ 7;- 1 + t; 1 -drUJi - 



2z \ ii: z r r z^ Snz-AM' 



Then 



,3 r a^wi 



■r-s-O 



Sttz - 4A/ V 3ii 1 



> -e V2z V2z 



2eLi / 2: 



'Sttz J z2 37rz-4M 

371- 1 



2eLi 1 

where in the last step again only the leading order term in z was kept. Integration 
is easy and gives 



Xi 

Using 



2eLi 



7r(37rz - AM) 



Taking two limits successively is not ambiguous in this case, since we remember that 
lim lim f{x, y) = lim lim f{x, y) 

if all the limits exist and if at least one of the limits converges uniformly keeping the second 
variable fixed. The above functions meet these conditions. 
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we can play the same game for xi and get 



H r ^ 



F^L02driOl - F^L02^drL02) 




3L1L2 



7r(37rz - AM) 



which can to leading order in z be integrated to 

z 

Now we can go straight on to calculate P and obtain again by only considering the 
leading order in z the following 



X2 



1 , r 
- = det A 

9 



-1 



AM 

ilTZ 



2z 1 



2(M - 11) 

i'KZ 



&t:z -A{M + rf) 



1 

Yz 



M ■ 



77 



Xi9 = 



X29 



1 


M + 77 


2^ 




1 


M + 7] 


2^ 





for large z 



2eLi 



00 



J. 



22 



5X2 



z 

AM 
Sttz ' 
4(A/ - 77) 
3^ 



2eC 

J02+ 9X1X2 



J02 ~ 



2Lo 



So, finally wc obtain the patching matrix to leading order in z beyond 



\ 



1 M + ?7 




2eC 


2z 37rz2 


TTZ^ 


z2 




^ AM 


2L2 














2eC 


2X2 

2z~ 


4(Af - 


Z2 


nz 


' 3. 



(9.5) 



The index indicates that the patching matrix is adapted to the top asymptotic end. 
The adaptation P_ to the bottom asymptotic end, that is the one which extends 
to z — > —00, is obtained by swapping ip and "0 in their roles. This leads to z 1— >■ — z, 
Li -!->■ Lo- Furthermore, one has to check what happens with ^ and rj in this case. 
From [21J, Eq. (5.18)] we see that C C f^nd 77 H' —77 for the Myers-Perry solution. 
But all asymptotically flat space-times have the same fall off up to the order (j9.4p . 



9.4. FIVE-DIMENSIONAL MYERS-PERRY SOLUTION 



71 



SO this behaviour must be generic. For the ease of reference later on we wiU include 
P„ again explicitly 



M -i-j 


6^2 


2eC 


£1/2 




2Li 

TTZ 


2eC 


TTZ 


4(M + ,) 
37r 



The Myers-Perry solution, which we will study next, is the five-dimensional pen- 
dant of the Kerr solutions, that is it describes a five-dimensional spinning black 
hole. 



9.4. Five-Dimensional Myers-Perry Solution 

It was in 1986 that the Schwarzschild solution in dimension greater than four was 
extended from the static to the stationary case by Myers and Perry Myers & Perry 
[3^ . The calculations in the first part of this example up to the expression for 
J(r, z) is based on Harmark [2l|. Myers-Perry space-time is asymptotically flat and 
has horizon topology . Its metric is given by 

ds2 = -df + ^[dt- ai sin2 6 dip ~ a2 cos^ 6 d^;] ^ 

+ (p2 + af) Sin2 d^2 + (p2 ^2^ ^og2 Q ^^2 (9 7) 



where 



^dp^ + ^de', 



''^ " (9.8) 



and the coordinate ranges are 

teR, (/?, V e [0, 27r) , 6'e[0,7r] 
A straight forward computation shows 

det J = -ip^Asin^ 20, 

hence 

r = -p \/A sin 20. 
2^ 

The second coordinate z is obtained via the relation 



(dr2 + dz2) = dp2 + E d6|2 (9.9) 
1 2 , ai + al- pI 



which can be verified either by direct substitution into ()9.9p or by a more gen- 
eral approach as sketched in [2lL App. H]. This determines the metric in tr-model 
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coordinates. However, expressing it in prolate spherical coordinates x, y is more 
convenient. They are defined by 



V(^2-i)(i-y^), z 



axy, 



where a is a constant and the ranges are taken to be a; > 1, — 1 < y < 1. With the 
ansatz x ~ x{p), y ~ y{6) this is solved by 



2p2 



a 



\ \l [pl - a? - al) 



y 



cos 26*, 



(9.10) 



2„2 
2- 



4afa 



In terms of r, z it can be shown (see [2l|, App. G]) that this is 

x = , w= , (9.11) 

2a ' 2a ' ^ ^ 

where R± = -^/r^ + (z ± q;)^. In terms of prolate spherical coordinates the J-matrix 
and e^'' are given by 



Jii 
J22 



Aax + {al - al)y - pI 
Aax + {al - al)y + ' 

4ax+ (af -a^)y + p2' 



Joi — — 



J12 = 



y 



4 

l + y 



4aa; + Pq + — 03 + 



4ax+iaj - a2)y + 

1 aia2p§(l - z/)2 

2 4ax + (a? - al)y + pl ' 
2a2p2(i_y) 



4Q:a; 



Pl 



Aax + {al - al)y + 
2a2p2(i + y) 



(9.12) 



4ax + (af - ai)y + p^ 



4ax + {a\ - al)y + pg 



'■{x^ — j/2) 

Substituting (PTT|) yields J(r, z). 

The rod structure consists of three components (—00,0;), {—a, a), (a, 00) as we 
will see from the explicit expressions for the rod vectors below. First note that 
r = implies R± = \z ± a\. 

(1) If z lies in the semi-infinite spacelike rod (a, 00), we have x = ^, ?/ = 1, thus 
Jki = for fc = 0, 1, 2. Therefore the rod vector is d^. 

(2) If z lies in the finite timelike rod (—a, a), we have x = 1, y = ^. Thus the 
kernel of J is spanned by the vector 

( 1 Ti )\ 

where ri.2 are the angular velocities 



Pq + — a| — 4a 



2aiPo 



Pi 



4a 



2a2Po 



It can be shown that this rod corresponds to an event horizon with topology 
S'^ (a brief reasoning can be found in (i^, proof of Prop. 2 in Sec. 3]). 
(3) If z lies in the semi-infinite spacelike rod (—00, —a), we have x ~ — ^, y = — 1, 
thus Jfe2 = for A: = 0, 1, 2. Therefore the rod vector is 9^. 
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From the given eigenvectors it becomes clear that dimker J(0, ±q;) > 1. The con- 
served Komar quantities are 

Having done this preparation the patching matrix can be obtained in the same 
way as before for the asymptotic metric. The hmit r — > can here be regarded as 
sin — !> 0, then with S ^ + wc obtain 

jp2 , +0-1- Po p2, , , O'lPo ^;„2 a p2, , , "2P0 ^^,,2 g 

r 5 2 — , f uji ^ — — sm tl, r UJ2 ^ cos (7, 

^ (p2 + cos2 e + ^ cos* e + F^^l 
G^n '^^pI sir? e cos^ e + F'^uj^uj^ 

^ (p2 + a\) sin2 + ^ sin^ - G^l^^ + F^loI 

We observe that F, ^2, G arc 0(1) and wi, $7, i/^ are ©(sin^fl). So, the terms 
containing VL can for — >■ be neglected. Furthermore wc have 



ij2 



6^0 2 , 2 

> P + af, 



and, using cji = ^ — , also 

^9^1 _ o„ 2 - Po) - sin^ ^(aj - «i) ^ ^a^pg 

; — — ZfJi Pn COS [/ ■ 7 - TT . 

sine ^'^O (S-p2)2 p2_^„2_^2 

As a last preparation we rewrite 

^2 , „2 , „2 , Ppaj , ( + pIY^ o-lpt 

O ^ p + 02 + 2 I „2 + — ^ 



2 2 2 4 

_ 2 , 2 I P^)^2 I ^^2^0 

fJ I Li 



^ p2+a? (p2 + a2)(^2+^2_^2) 



pg p2 + af - pI 



Finally, this enables us to calculate 

„ e^a eF^G sin 6* deUJi 
OpXi > 



a/a H sin 6* 



A V P^-al J \P^ + ai- pU p'^ + aj- pI 

2epa^pl 



(p2+af)2' 
which can easily be integrated to 
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For the second twist potential we need 



VL = sin 



G2S 



G2S / ' 



which imphes 



so that 



den f 01^2^0 I QiPo a-2Po \ 
line* V G2I] F2I] J ' 



FG /G2 ^2^2 ^"^^2 

Se^l ^^deuii H ——VldeL02 



^ ' H 

eFG shiO fG^dgn F^LU2dguJi\ 



H 



> 



p2 + a2-p2\ t 



p2 +a2 



p2A 



2G 



2 0102^0 / 1 



Q2 G'^F^Y. 



F2S S - 



2ea]«2PoP. 

(p2+a2)2' 



integration 



On 6* = it is 



X2\g=o ■2,„2- 



= 2z + - (p2 _ a2 _ ^2^ ^ 

SO the notation in the following calculation of P can be somewhat streamlined by 
introducing 

/3 = ^ (-Po + a? - 02) , l^\{Po + <4- al) , 

hence 



Xi 



2(z + 7)' 
2 



-gtt, F-'u!2 



X2 



ea2Po 
2(z + 7) 

£Poaia2 
'2(z + 7) 



9 9 



Z Z 1 

^'^'^=^" + '^^ + ^ = '"+2(^°-"^+'^^)+^+l(p2+,2„„2) 



2Z-2/3- 



Poa2 



2(2 + 7) z + 7 



(2-^)(z + 7) + 



4 
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This implies 

det A = = gtt9i,i, - fft^ 
z + P 2 



1 

4(2; + 7)2 
1 



4(2; + 7)2 

2(^2 _ „2) 



[8(z2_/32) + 2a2p2] 



z + 7 



where in the last step 



8/32 _ 2a2p2 ^ _(^^ _ + _ 2a2p2 ^ 8^2 

with a as in [2l|, Eq. (5.15)]. We then obtain for z G (a, 00), r = and with e = 1 
the following (the index refers to the numbering as above for the rod structure) 



2 + 7 



2 \ 



2(z2-a2) 4(z2-a2) 4(z2 - ^2) 

z2-f2(/?-7)+72_^^_Q,2 a2P§(z-7) 
z2 - a2 2(z2 - Q,2) 



v 



2(z-/3) + 



2(z2-a2) / 



using Pi = (Py ) witli] 

-P12 = 9*0 + 5X1X2 



(9.14) 



2{z + ^) 8(z-f 7)(z2 -a2) 



[z + 7)(z2 — Q;2) 



(~4(.^ - a^) + a?pg) 



4a2p2(^2 „ ^2) 
(z + 7)(z2 — Qf2) 



2(z2 - a2) ' 

-P22 = 5^0 + .9X2 
2 



z + 7 



(z-/3)(z + 7) + 



4 y 2(^2 -a2) ■ 4(^ + ^)2 



2(z-/3) + 



2(z-/3) + 



1 ahl 

+ 7' 2 v;; 



2 2 -'^ 2 2 A 1 



4pliz - 7) 

2(z2 _ Q-2) ' 



Here Pij are only the entries of the patehing matrix and not the transition matrices of the bundle. 
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and 



z + 7 2(z2-q;2) 4(z + 7)2 

1 



{z + 7)(^2 — a^) 
1 



{z^ + z{P~-i)+^^-p-i-a^), 



where the last step comes from 

8(/3 - 7)(7^ - a^) = - A . I ((^2 ^ „2 _ ^2)2 _ (^2 _ ^2 _ „2)2 ^ 4^2„2) 

= - J/'o (4a?(Po - a') + 4a?a2) = -a?Po 

thus 

8(z + /3)(z2 - a^) + p4a2 ^ _^ ^^(.2 _ ^2^ _ _ ^^^^2 _ ^2^ 

= 8(z + 7)(z2 + z{l3 - 7) + 7^ - /37 - a^). 

The Myers-Perry solution with vanishing angular momenta is as in four dimen- 
sions the Schwarzschild solution, sometimes also called Schwarzschild-Tangherlini 
solution. 

Five-Dimensional Schwarzschild Space-Time. 

In the case of ai = 02 = the Myers-Perry metric becomes 

ds^ =(^-l+P^ dt^ + p2 sij^2 Q ^^2 _^ p2 ^Qg2 g j^2 

2\ -1 



and from (|9.12p we can read off the J-matrix as 

J = diag ( a(l - y){l + x), a(l + y)(l + x) 

The twist potentials are globally constant and we set them without loss of generality 
to zero. The adaptations to the three different parts of the axis, then take the 
following form. 

(1) Spacelike rod z G (a, 00): Here we get with y = 1 that 

/ .T — 1 

A ^ diag , 2a(.T + 1) 

V x + l 

hence with a; = — we obtain 

/ 1 z — a 

Pi(z) = diag -— -, ■ — ,2 z + a 

\ 2(2 — a) z + a 

(2) Horizon rod z £ (—a, a): Using that a; = 1 on this part of the axis the above 
definition gives 

A = 2a- diag {l~y,l + y), 
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hence with v = — we obtain 

P2{z) = diag (^-^^-^1-^, -2(z - a), 2(z + a) 

(3) Spacehke rod z E (— oo, —a): Here we get with y = —1 that 

x-1 
'x+1' 



A==diag( -^-^^2a(a; + l) ) , 



hence x = yields 

P,{z) = diag f -2(z - a) 

\Z[z + a) z — a 

Last comes the example that features a major novelty of higher-dimensional rel- 
ativity in comparison with four dimensions. 

9.5. Black Ring Solutions 

A five-dimensional black ring is a space-time with a black hole whose horizon has 
topology 5^ X S*^. This solution was originally obtained from the Kaluza-Klein C- 
metric solutions via a double Wick rotation of coordinates and analytic continuation 
of parameters Emparan & Reall Because the ranges of mass and angular 

momenta of the black ring overlap with the Myers-Perry solution, it is an example 
for the problem in higher-dimensional general relativity that a black hole space-time 
is not uniquely determined only by mass and angular momenta. This is because 
their different horizon topologies do not allow a smooth transition of both solutions 
into one another by changing the parameters smoothly. A detailed analysis of the 
black ring solution and its properties can be found in ■ For the first part of 

this section we take the results and notation from [U, Sec. VI]. 
One way of defining the black ring solution is the following 

2 



2.^ Fin) r Giv) + t4 + ^ d.^ - ^ d.^ 



(u — v) 



(9.15) 



F{v) F{u) ^ G{u) Giv) 

where -F(C) and G'(^) are 

FiO = l + bt G(C) = (l-e^)(l+ce), 
and the parameters vary in the ranges 

< c < < 1. 

The parameter k has the dimension of length and for thin rings it is roughly the 
radius of the ring circle. The constant C is given in terms of b and c by 



C= J2b{b-c)^ 



1-6' 

and the coordinate ranges for u and v are 

-1 < M < 1, -oo < < -1 

with asymptotic infinity recovered as u — > u — > — 1. For the (^-coordinate the axis of 
rotation is f = — 1, and for the -^-direction the axis is divided in two components. 
First u ~ 1 which is the disc bounded by the ring, and second u = — 1 which is 
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the outside of the ring, that is up to infinity. The horizon is located at v = 
and outside of it at w = — hes an ergosurfacc. As argued in [13|, Sec. 5.1.1] three 



independent parameters 6, c, n is one too many, since for a ring with a certain mass 
and angular momentum we expect its radius to be dynamically fixed by the balance 
between centrifugal and tensional forces. This is here the case as well, because in 
general there are conical singularities on the plane containing the ring, u = ±1. In 
order to cure them ip and ^ have to be identified with periodicity 



and the two parameters have to satisfy 

2c 



(9.16) 

This leaves effectively a two-parameter family of solutions as expected with the 
Killing vector fields Xq = dt, Xi = and X2 = d^p. Henceforth, however, we will 
keep the conical singularity in and regard the parameter h as free. By (|9.16p it can 
be replaced at any time. 

A straight forward calculation shows 

detJ=-i^G(u)G(«), 



hence we define 



2k 



1 



r = ^-G{u)G{v). 

[u — vy 

The harmonic conjugate can be calculated in the same way as for the Myers-Perry 
solution (for details see (2ll . App. H]) and one obtains 

K^(l — UV)(2 -I- CM -I- CV) 

(u — vY 

Using expressions for u, v in terms of r, z (see (2ll . App. H]) 

_ (1 - c)Ri - (1 + c)R2 - 2R3 + 2(1 - c^)k'^ 
(1 - c)i?i + (1 + c)i?2 + 2ci?3 
(1 - c)Ri - (1 + c)i?2 - 2R3 - 2(1 - c2)k2 



(1 - c)Ri + (1 + c)R2 + 2ci?3 



where 



Rl = _^ (2 + ck2)2^ = ^r2 + (z-CK2)2, R^ = y^r^ + {z ~ ^2)2 



brief note on the nature of those singularities and why they are called conical can be found in 
Appendix \G\ 
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J: 



22 



the J-matrix can be computed as 

(1 + b){l - c)Ri + (1 - b){l + c)R2 - 2(5 - c)R3 - 2b{l - c^)k^ 
°° " (1 + - c)i?i + (1 - 6)(1 + c)i?2 - 2(6 - c)i?3 + 2&(1 - c2)k2 ' 
2Ck(1 - c)[i?3 - i?i + (1 + c)k2 
(1 + 6)(1 - c)i?i + (1 - b){l + c)i?2 - 2(6 - c)i?3 + 2fe(l - c2)k2 ' 

(i?3 + Z - K^)(i?2 ~ Z + CK^) 
Rl — Z — CK^ ' 

" - - T 7 + 

with the remaining components vanishing, and 

e^'' = [(1 + 6)(1 - c)Ri + (1 - 6)(1 + c)i?2 + 2(c - 6)i?3 + 26(1 - c')k^] 

(1 - c)Ri + (1 + c)R2 + 2cR3 
8(1 - c^yRiR2R3 

The rod structure consists of four components (— oo, — ck^), {—ck^ , ck?), {ck^ , k?), 
{k^, oo). 

(1) For ?■ = and z € {k^^oo) we have i?3 — i?i + (1 + c)^^ ~ which impUes 
Jqi — Jii ~ 0. Hence, the interval (^2,00) is a semi-infinite spacehkc rod in 
direction d^. 

(2) For r = and z £ {ck^, k^) we have i?2 + ^3 — (1 — c)k2 = Q which impUes 
J22 = 0. Hence, the interval (ck^, k^) is a finite spacelike rod in direction 9^. 

(3) For r = and z G {—ck^, ck^) we have Ri + R2 — 2cK^ = which implies that 
the kernel of J in this range is spanned by the vector 

f 1 F , where T 



(I-c)Ck 

is again the angular velocity. Thus, {~ck'^,ck'^) is a finite timelike rod and it 
can be shown that it corresponds to an event horizon with topology 5*2 x (a 
brief reasoning can be found in proof of Prop. 2 in Sec. 3]). 
(4) For r = and z G (—00, —ck^) we have i?i — i?3 + (1 + c)k^ = which implies 
J22 ~ 0. Hence, the interval (— 00,— ck2) is a semi-infinite spacelike rod in 
direction d^. 

We see that on the top rod one twist 1-form vanishes and for the other one we 
obtain as before 

drX e-^^^w, d^x = ^'^~Q~^^^^ 

where 

dx = a^X dr -t- S^x = * (T A * A dT) . 

Note that 



UJ = 



Jqq J00J22 
as —7-2 = det J = {JqqJii — Jqi)J22- r = we also see that 

Rl = |z + CK^I, R2 — \z ~ CK^\, i?3 = |z — K^l, 

and for ^2 < z < 00 the moduli signs can be dropped. Then the metric coefficients 
behave as 
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SO that we obtain 

dzX = —hJoo)HJ22)^ Or ( — 

•^00 



Now, if Joi = r'^B{z) + 0{r*), then 

lim dzx = -e Imi 2Joo ^22-8(2). (9.17) 

r—>0 r— >-0 

In order to determine B(z) we do some auxiHary calculations. Denote a ~ ck^, 
/3 = K^. Then with z > (3 and to leading order in r it is 

J2 



Ri = {z + a){l + ^, , ,„ , i?2 = (z - a) 1 



2(z + a)V ' V 2(z - a) 

whence 

^, 2(z + a) _ 2(z-/?)(z + a) 

J22 — - Pj 5 — r — . 

l[z — a) z — a 

Second we compute 

z — a , , , 26 — 6c — c /„ „x 

Joo = where A = • ; . (9.18) 

z + X 1 — 6 



Last, we obtain 

r<fi „\„3 1 

„2 



2(1-6) (z-/3)(z + a)(z + A) 
Using these results ()9.17p can be integrated to 

2v eC(l - c)k^ 



z + A' 1-6 
Note that this agrees up to a constant with [42, Eq. (25)]. Now we can compute the 
quantities which go in the patching matrix. The restriction r = is not explicitly 
mentioned, but still assumed in the following. 

X V 



9X 



9 = 



JmJ22 (z-/3)(z + a)' 
1 2 + A 



J00J22 2{z + a){z-l3Y 
For the last matrix entry we first calculate some auxiliaries. From (|9.18p we obtain 

_ A + Q 
~ A + 2/3 -a' 

hence 

^ ^_ {P-a){\-a) ^ ^ ^_ 2(A + /3) 2(/3 - «) 



/3(A + 2/3-a)' A + 2/3 -a' A + 2/3 - a 

This yields 

2 46(6-c)(l + 6)(l-c)2«6 
2i/ = (1^^6)3 = (A + a)(A-a)(A + /3), 
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which in turn justifies the following factorization 

(z - a) (z + a){z + = (z + A) (z^ - (/3 + \)z - + /3A + A^) . 
and eventually 

z- a 2v'^ 



Joo + 9X 



2 + A [z + \)(z + a)(z ~ 13) 
z^~{/3 + X)z -a^ + l3X + X^ 



{z + a){z-~ (5) 
The patching matrix for z e oo) and r = now is 



Pi 



z + A 



2(z + a)(z ■ 



(z + a)(z-/3) 



7z + (5 



(z + a){z ~ 



V 











2(z + a)(z-/3) 



(9.19) 



z — a 

where the index again only indicates that it is adapted to the part of the axis which 
extends to +oo and where 



a = CK 



eC(l - c)k^ 



/3 = «^^ 



A = K"" 



26 - 6c - c 



1-6 ' 

7 = + A, (5 = -c^K^ + K^A + A^ 



(9.20) 



Note that this is based on the assumption that the periodicity of tp, ip is 2tt, other- 
wise it has to be modified according to [U, Eq. (4.17)]. 
From (j9.6p we read off the conserved Komar quantities as 



M=^{X + K), il = : 



L2 = 0. 



CHAPTER 10 



The Converse 

First let us recall the twistor construction for five-dimensional space-times as 
obtained in Chapter [7] and [Sj It can be summarized as follows. 

Summary 10.1. There exists a one-to-one correspondence between five- 
dimensional stationary and axisymmetric space-times and rank-3 bundles E ^ TZ 
over the reduced twistor space TZ, which consists of two Riemann spheres identified 
over a certain region. 

For J being the matrix of inner products of Killing vectors, we define the Ernst 
potential as (see Definition \8.11\) 

deti \^ deti-i + xx' ) 

where A is obtained from J by cancelling an appropriate row and column, and 
X = (XI1X2) i'"e the twist potentials. 

If P is the patching matrix of E ^ TZ, then J'{z) ~ P{z) where both are non- 
singular for r — > 0. 

Remember that the bundle E ^ TZ was characterized by the so-called twistor data 
consisting of the patching matrix and three integers. For the bundle corresponding 
to J itself these integers are po = 1 1 Pi = P2 = and for the bundle corresponding 
to the Ernst potential J' these are Po — pi = P2 = 0. Hence it comes down to 
determining P when parameterizing the bundle. 

Corollary 10.2. The patching matrix P (adapted to any portion of the axis 
r ~ 0) determines the metric and conversely. 

Sketch of Proof. J'(r, z) is obtained from P{w) by the splitting procedure 
(see Section lT^ and conversely P{w) is the analytic continuation of J'(r = 0, z). □ 

As seen in Chapter IHl the classification of black holes in four dimensions (see 
Theorem l6.2p does not straight-forwardly generalize to five dimensions. The Myers- 
Perry solution and the black ring are space-times whose range of parameters (mass 
and angular momenta) do have a non-empty intersection, but their horizon topology 
is different, which means they cannot be isometric. In order to address this issue the 
rod structure (see Definition l6.5p is introduced to supplement the set of parameters. 

Using this extended set of parameters the following theorem is a first step towards 
a classification. 

Theorem 10.3 (Hollands & Yazadjiev (23|V Two five- dimensional, asymptoti- 
cally flat vacuum space-times with connected horizon where each of the space-times 
admits three commuting Killing vector fields, one time translation and two axial 
Killing vector fields, are isometric if they have the same mass and two angular 
momenta, and their rod structures coincide. 
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Note, however, that [T], Prop. 3.1] suggests that by adding the rod structure to 
the hst of parameters the mass becomes redundant, at least for connected horizon. 

Theorem 110.31 answers the question about uniqueness of five-dimensional black 
holes, but not existence. In other words, we do not yet know whether rod structure 
and angular momenta determine the twistor data, that is essentially P, and thereby 
the metric. 

Conjecture 10.4. Rod structure and angular momenta determine P ( even for 
a disconnected horizon). 



10.1. From Rod Structure to Patching Matrix — an Ansatz 

In the following we will present an ansatz for this reconstruction of the patching 
matrix from the given data, exemplified in cases where the rod structure has up to 
three nuts. 

Given a rod structure with nuts at {a.ijai G R}i<i<jv we know that P can at most 
have single poles at these nuts (see Corollary 18. 171 and Proposition lS.lSp . We shall 
see that this can also be derived from the switching procedure (Theorem llO.lSp and 
thus we make the ansatz 

P{z) = Ip'(z), 

where A = Oi3=i(-^ ~ '^i) ^^"^ ^^'^ entries of P'{z) are holomorphic in z. If we 
now, moreover, choose P to be adapted to the top outermost rod (ajv,cx)), then 
Section 19.31 tells us its asymptotic behaviour as z — > oo, that is P asymptotes P+ 
given in (|9.5p . This implies that the entries of P'{z) are in fact polynomials, 

^ QN-iiz) qM-2{z) qN-2{z) ^ 
P'{z)^ ■ q„{z) qM-i{z) 

\ ■ ■ qN+i{z) J 

where qk is a polynomial of degree fcQ In fact, from (|9.5p we can not only deduce the 
degree of the polynomials but also their leading coefficients. The diagonal entries 
will have leading coefhcient — i, —1, and 2, respectively, and the leading coefficients 
on the superdiagonal will be proportional to the angular momenta. Similarly, one 
can use (|9.6p for P adapted to the bottom outermost rod (— oo, oi). Note that this 
does not impose any further restrictions on the coefficients of the space-time metric 
apart from being analytic. 

The number of free parameters in P equals the number of independent coefficients 
in the polynomials. Our aim must be to tie our space-time metric by expressing all 
those parameters in terms of not more than the Ui and the angular momenta Li, 
L2. Any free parameter left in P means another free parameter in our (family of) 
solutions. 

Example 10.5 (One-Nut Rod Structure). 
Consider the case where the rod structure has one nut, which is without loss of 
generality at the origin (remember that a shifted rod structure corresponds to a 



^The notation shall just indicate the degree of the polynomials, that is Qn-i and qiv-2 in different 
entries of the matrix can still be different polynomials, and if A'^ — 2 < then it shall be the 
zero-polynomial. 
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difFeomorphic space-time), see Figure [TJ We do not make assumptions about the 
angular momenta Li, L2. 



z 







1 



Figure 1 . Rod Structure with one nut at the origin. The numbers 
are just labeUing the parts of the axis. 

According to our ansatz we have for the patching matrix on the top part of the 
axis 



Pi 

which imphes Li = 

P-?. 





-Z + C2 





C3 





y C3 + C4Z + C5 y 

C, =0. On the other hand for the bottom part it is 

\ 

-Z + C.2 h 

C.3 2z2 



\+c^z 



V 



and therefore necessarily ^2 = C = 0: thus 03 = 03 = 0. This forces the patching 
matrix to be diagonal and since it has to have unit determinant, 



detPi 



^ ^-i + ciz^ (-Z + C2) (2z^ + C4Z + C5) 



1, 



we obtain ci = C2 = C4 = C5 = 0. But this is the patching matrix for flat space (see 
Section [HI]). 

Hence we have shown that for a rod structure with one nut not all values for the 
conserved quantities are allowed, in fact they all (including mass) have to vanish, 
which in turn uniquely determines the space-time as Minkowski space. 



Attempting the same for a rod structure with two nuts one will quickly notice 
that more tools are necessary in order to fix all the parameters. 

Theorem 10.6. If P+ is the patching matrix adapted to {a^,oo), then P_ = 
MPJ^^M with M = ^0 1 0^ is the patching matrix adapted to (— oo,ai). 

Proof. The proof is based on the twistor construction as we have seen it in 
Chapter [T] For ease of reading we will review some of the elements involved. 

The considerations in Section 17.21 started with a map from the correspondence 
space to the reduced twistor space p : J^r = ^ ^ X ^ TZ, where E is a two- 
dimensional conformal manifold, r a solution of the Laplace equation on S, z its 
harmonic conjugate and X a Riemann sphere. For a fixed cr e S this map can be 
restricted to 

n-.X^n, C^w^lr{a){C' -C)+z{a). 
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Given a bundle E ^ TZ one had to assume that tt*{E), the puUback of E to X, is 
trivial in order to construct J. Then the splitting procedure will provide a J(r, z), 
which depends smoothly on r and z. 

TZ consists of two Riemann spheres that are identified over a certain set. There 
will always be points, like w ~ oo, where the spheres cannot be glued. These points 
are for obvious reasons called double points and the case that is interesting for us 
is when these points are real and there is only a finite number of them. In other 
words the two spheres are glued together up to the set {oo, ai, . . . , a^}- 

Therefore, n is only well-defined if one specifies the assignment of these poles to 
the spheres. The roots of the double points a; satisfy 



We note two things. First, the spheres are labelled by saying that the roots of w = 
oo, namely C = and C = oo, are mapped to 7r(0) = ooq G Sq and 7r(oo) = ooi G 5*1. 
Second, r and z are chosen as parameters in the very beginning, but the obtained 
expressions depend smoothly on r and z so that we can vary them and follow the 
consequences. One observation of this kind is that for r — > one of the roots in 
(jlO.ip tends to zero and one to infinity. 

Hence, given a solution J of Yang's equation (jS.lip and the corresponding bundle 
E TZjj, U ~ CP^\{oo, fli, . . . , ajv} the region where the spheres are identified and 
U not simply connected, then the description of the twistor space as Sq U Si and the 
patching matrix P are adapted to the component C of the real axis if those C,f^ that 
tend to zero for r — > on C are assigned to and those that tend to infinity are 
assigned to S^, see also [3, Prop. 3.2]. This is merely a requirement of consistent 
behaviour under the variation of r and z, since 7r(0) € S'q and 7r(oo) e Si- Note 
that in this case on C it is P{z) = J'{z). 

More explicitly this can be stated as 



for an adaptation to C = (ofc, Ofc+i) and for r — >■ on z S (ofe, ak+i)- 

This allows to draw the conclusion that for a given a bundle a change of 
adaptation from (a^, a^+i) to (afc-i , Ofc) is achieved by swapping the assignment 
of T^iCk) to spheres; see [l6|. Sec. 3.2]. Following this idea, one then obtains 
the adaptation to (— oo, Oi) from an adaptation to (ajv, oo) by swapping all double 
points 7r(C^), 1 < fc < iV. However, the latter is the same as swapping the double 
point at infinity which means relabelling the spheres by saying 7r(0) e S-^ and 
7r(oo) € S'q. 

Now let us step back from this line of ideas and have a look from another 
side. Note that if J is a solution of Yang's equation (|5.1ip with det J = 1 
and J is symmetric, J = J*, then is a solution of Yang's equation as 

well with det J""'^ = 1. On the other hand, just by inspection of the splitting 
procedure one notices that J is defined as a linear map J : i?ooo ~^ £'ooi , 
where E^j is the fiber of E ^ TZ over w G TZ, and that J^^ is the solution of 
Yang's equation generated by the bundle where the spheres are swapped, Sq <-> Si 



rCt + 2(a, - z)Q - r = 0, 



so they are 




(10.1) 




and 
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(see also property (3) in [43, Sec. 4]). But this is precisely what we have done above. 

The last point to note is that even though we have shown that is adapted to 
(— oo, fli) it docs not necessarily have to be in our standard form due to the gauge 
freedom in the splitting procedure. Using the asymptotic form of P in (|9.5|) and 
comparing the fall-off of with (|9.6p one sees that a flip of the first and third 
row and column brings P~^ into the desired standard form. This is implemented 
by the conjugation with A/, which completes the proof. □ 

Corollary 10.7. If P+ is the patching matrix adapted to (ajv, oo), then A divides 
all 2 X 2-minors of A ■ P^ = P+- 

Proof. From Theorem 110.61 and Proposition 18.181 it follows that has at 
most simple poles at the nuts. But by the general formula for the inverse of a matrix 
the entries of PJT ^ are (up to a sign) / A^ , where P]f is the 2 x 2-minor of A • 
obtained by cancelling the i**^ row and j"^ column. Hence one factor of A has to 
cancel. □ 

This turns out to be a powerful tool as seen in the next example. But before we 
would like to point out an implication of the last corollary. 

Remark 10.8. Taking the Ernst potential (|8.7p in five dimensions and writing it 
in the following way 



j;(z) 



9 -ffx' \ 1 / Po 



-9X A + 




the matrix of metric coefficients ^ as a function of z is obtained as 

i=^P--^p-p' = -^(poP-p-p"). (10.2) 
A Apo Apo 

All entries of pq¥ — p ■ p^ are 2 x 2-minors of A • J', hence A divides them. Thus 
A = P/po where the entries of P are polynomials in z. We remember from Section l5751 
that Pol A blows up when we approach aat, that means po cannot have a factor 
(z — a^r). So, the entries of A are bounded as z J, ajv, a feature which is consistent 
with our picture of space-time. 

Note, however, that we cannot extend that to other nuts without changing the 
adaptation, that is to say, the expression for a metric coefficient Jy(z,r = 0), 
z > ajsi, might contain poles for z < aat as the J22 for the black ring shows 



2{Z - k'^)(z + CK^) 



Z > K^, 



, CK^ < Z < 

2(z - ck2)(z -I- CK^) 



— CK^ < Z < CK^, 



, Z < —CK^. 

The terms in the denominators vanish for certain values of z, but these are not sin- 
gularities of the metric since they are not in the domain of the respective expression. 
The reason for pointing out this is that when we try to fix the free parameters in our 
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ansatz one cannot take (|10.2p and say because the metric is regular the denominator 
has to divide the numerator up to a constant. 

Note further that even though Thcorcm llO. Gl and CoroUarv l 1 . 71 gcnerahze directly 
to n dimensions, the conclusion for the metric coefficients in A does not. This is 
because in higher dimensions the entries of A will still consist of certain 2 x 2-minors 
of P_|_ as in (|f 0.2p . whereas P^^ being a patching matrix requires A""** to divide 
the (n — 3) X {n — 3)-minors of P^. This coincides in five dimensions, but is not 
implied automatically for dimensions greater than five. Yet, the boundedness of the 
metric coefficients ought to hold always, so that it at most gives extra conditions 
on the free parameters. 

■ 

Now lets turn to the example promised earlier. 

Example 10.9 (Two- Nut Rod Structure). 
Consider the rod structure as in Figure [H 



_d_ 



+a 



Figure 2. Rod structure with two nuts. 



In line with the above ansatz we start off from 
/ 



P 



1 



TT 

h C3Z + C4 



C2 

2L2 



TT 



-Z + C5 



V 



2z^ + c^z^ + C7Z + Cg 



(10.3) 



which we assume to be adapted to (ajv, 00) and where the orientation of the basis 
is without loss of generality chosen such that e = 1 in (|9.5p . 

We now make use of Corollary 110.71 which for the minor obtained by cancelling 
the third row and first column yields 



C-lZ 



-C2C3 



2L1L2 



Z — C2C4 + 



L1C5 



Comparing the (ratio of) coefficients returns 

2L1L2 



C2C3 



Ci — a 



L1C5 

■7TC2 



(10.4) 
(10.5) 



Choosing the minor obtained from cancelling second row and third column we 
repeat this and get 



L 



2 „2 



— Z - 7TC5 



1 



2L2Ci^ 



z + C1C5 



L1C2 



2 2 

z — a , 
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thus 

C5 = -— ci, (10.6) 

TT 

4c? ^a^- ^C2. (10.7) 

These four equations allow us to express ci , C2 , C4 and C5 in terms of C3 . 

The coefficients C7 and cg can be fixed by the minor which results from cancelling 
the second row and the first column 

2Li 3 cqLi 2 ( C7L1 2c2L2\ , iics 3 , L 2 2 .2 

z H z + \ z H C2C5 ^ z + bz — a z — ba , 

TT TT \ / 

where b is some constant. Again the ratios of the coefficients for the linear over the 
cubic and the constant over the quadratic term give 

or 

C7 - -2a2 - — ^C2, (10.8) 
^1 

Cg = -a^ce + -^C2C5. (10.9) 
^1 

The last coefficient that remains undetermined is cg, but the determinant is going 
to help us for this. The requirement det P = 1 implies 



(z'-a'f ^z'^+(^c,-2c,-cs]z'' 



1 1 , 

2ciC3 - C1C6 - C4 - -^csce + -C7 ) z 



4 



The quintic term immediately gives the desired expression 

C6 = 4ci + 2c3. (10.10) 
Exploiting furthermore the quartic term we get 

-3a^ = 2ciC3 - cice - C4 - 2^3^^ + -C7, 

which, by using the above obtained relations, is equivalent to 

^2 ^ 4c2 + 4C1C3 + + ^C2. (10.11) 

Let us relabel the parameters in accordance with [2l[ as follows 

„l2 T _ ^ 2 T _ ^ 2 
^3 — 2^*0' ^1 ~ ^'^i£'0' ^2 — ^«2£'o- 

Note that from the asymptotic patching matrix we see that C3 is proportional to 
the mass which justifies the implicit assumption about its positiveness in the above 
definition. However, the parameters {go, ai, 02) are not unconstrained as we will 
see soon. 

By ([TU:^)) it is 

C2 = --aj^a^gl- (10.12) 
Equations (HHH), (fTUHI) . (fTUT^ imply 

^C2 = 4C1C3 + + ^C2 => = -^{gl + aj- aj) . 
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Moreover, from p0.6p and (|10.10p we obtain 

C5 = ^O2^?0 (^0 + Oi - al) and Cg = ^ {gl - aj + al) . 
Continuing with (jlO.Sp yields 

9 -^2/2 2 2\ 

C4 = a- - -gig (gig + - , 
so do and (fTU:^)) give 

Cy = -2a^ + -algl, 

^ 2 / 2,2 2\ 122/2,2 2\ 

Cs = 2" ("'?o + fli - 02) - gOafi^o (fi-o + fli - a2j • 

With these parameters being determined and with the help of (jlO.lip we can write 
a explicitly as 

a'^^iQl^al-alY-^ajal (10.13) 

Comparing those expressions with (|9.14p one will find that they coincide. However, 
note that 

16^2 = gf,^ 2gl {a\ + 4) + (a? - alf , 
which implies that for real non-zero a we need the left hand side to be positive and 
therefore gip > (l^il + l'^2|) j a- condition on the asymptotic quantities familiar from 
the discussion of the Myers-Perry solution in [l^ and [s^, or we need < < 
(kil ~ I '3^21)^- This latter possibihty is ruled out in [13] and by the additional 
requirement that g^ > \a-^\'^ + |a2p, and it is also forbidden by 0, Prop. 3.1]. Yet, it 
is allowed by our analysis. So, characterizing our solution by the mass and the two 
angular momenta we obtain next to the Myers-Perry space-time another branch, 
which is unphysical. 

Mass and angular momenta form a set of three parameters and the position of 
the nuts can be expressed in terms of these three parameters. This is more than one 
would have expected by only regarding Theorem 110.31 However, we stated already 
that by 0, Prop. 3.1] the mass is redundant in the set of parameters. Here we did 
not actually eliminate the mass, but the rod length. If one tries vice versa, that is 
one tries to replace M by a in the set of parameters, then by rearranging (|10.13p 
one is looking for all positive C3 which satisfy a 6'^ order polynomial. As shown 
in Appendix IJ.ll with no further conditions on (a > Q,Li,L2) there are also two 
positive solutions for C3 (unless Lf = when there is only one). Thus, we are 
facing the same problem as before, and this suggests that further conditions need 
to be imposed on the parameters in order to rule out the unphysical solutions. 

Some of the steps above, when we determined all the parameters in the patching 
matrix, only work for Li,iv2 ^ 0. Assuming that one of the angular momenta 
vanishes leads to dichotomies at certain steps when tracing back the parameters. 
Some of the branches in this tree of possibilities are dead ends others lead to valid 
solutions such as the Myers-Perry solution with one vanishing angular momentum 
or an ultrastatic solution, that is where gtt = 1, gu = (but this is not physical as 
the mass is zero). On the other hand at no point we used the fact that the middle 
rod is a horizon. 

Note also that issues of conicality cannot arise here as the periodicities of 0, V' 
are chosen to be 27r on the outer parts of the axis and no further spatial rods are 
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left. When we turn to higher numbers of nuts more wiU be required. 

■ 

Moving on to the next level, that is to a rod structure with three nuts, we will 
consider the simpler case where one of the Killing vectors is hypcrsurface-orthogonal. 
This simplifies the computation in comparison with the general case as wc will. 

Example 10.10 (Three-Nut Rod Structure with one Hypcrsurfacc-Orthogonal 
Killing Vector). 

We consider the rod structure as in Figure [3] Together with Li = L 0, L2 = 



z 



+a 2 +13 



Figure 3. Rod structure with three nuts, where a,/3 > 0, and 
S*^ X horizon. 



this comprises our twistor data. In order to simplify the calculations we would like 
to make assumptions such that the two non-diagonal entries in the third row and 
column of the patching matrix vanish (when adapted to (/3,oo)). One therefore 
needs = p™6 = 0, however, this cannot be concluded from L2 = 0, as the Black 
Saturn shows [8|. The Black Saturn is non-static, but allows vanishing total angular 
momentum. We thus make the assumption that is hypersurface-orthogonal, that 
is 'i'Ad^ = 0, and in Appendix [Kl it is shown that this implies X2 = gtip = dipip = 0. 
These assumptions turn our ansatz into 

/ 



P = — 



l{z) 




l{z) 
c{z) 







Q{z) J 



where 



A(z) 
q{z) 
l{z) 
c{z) 



(z + a){z — a){z ■ 
1 2 

-Z^ + ClZ + C2, 

L 

— z + C3, 



—z^ + az"^ + C^Z + Cg, 



Q(z) = 2z"' + CjZ''' + CsZ^ + CgZ + Clo. 



Theorem 110.61 gives the following conditions 



qc — P 


= giA, 


91 


quadratic. 


Qq 


- ciA, 


Cl 


cubic, 


Ql 


= g2A, 


h 


quadratic. 


Qc 


- QiA, 


Ql 


quart ic. 



(10.14) 
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The condition for the patching matrix to have unit determinant then imphes 

^ Q{qc - ^ QqiA A'^^Qqi. (10.15) 

Now, as qi is a quadratic, there are six possibihties for it to be a product of (z + a), 
{z — a) and {z — jS). But = on (a, /3), thus ^ for z I (3. To guarantee this 
(z— /3)^ has to divide Q, which rules out three of those six possibilities. Furthermore, 
by Theorem 110.61 we have 

qi 1 



A det^ 



on (— oo, —a). 



4 



where is obtained from J by cancelling the rows and columns containing inner 
products with d^. But from the general theory we know that the entry of P with 
the inverse determinant contains a simple pole when approaching the nut, that is 
z t —a, so that qi{~a) + 0. This immediately yields 

qi^^{z~af and by (dniig) also Q = 2{z + a)^{z ~ 13^ . 

Now observe that there is a factor of (z — a) in A but not in Q, so that by (|10.14p 
the monic (z — a) has to divide /, q and c. We write this as 

l=—{z-a), q=-^{z~a)li, c= -{z- a)q3, 

TT I 

where 

li = z^ A, 93 = + + C for A, B, C = const. 
The first equation in p0.14p then turns into 

^193 r === ^ 

^ z-'' + (A + S)z2 + (C + AB)z + ylC ^ = z3 - /3z2 - + a2/3. 

Comparing the coefficients one sees 

B = -A-p, C + AB = ~a^, AC ^ = 0^/3, 



TT^ 



and therefore A satisfies 



1 / 97^2 



^ ^3+^^2_^2^_^2^_f!^ ^ Q_ 

TT^ 



2L 



2 



Writing i^(a) :- + Pa? — a^a - a^P — we see that since F(0) < 0, this last 

polynomial has to have at least one (positive) real root (see Figure S]). Now from 
F'{A) = 2>A^ + 2(3 A — o? one concludes that the local maximum of F is at 

Furthermore, note that since a < /3, it is 

-a and 



27^2 

F{-a)^ ^<0, 
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> a 



Figure 4. The cubic F{a). 



which imphcs that if F has two more real roots, they will both be smaller than —a. 
On the other hand there is a constraint on A obtained from the asymptotics. In 
our patching matrix the central entry is 

A A \ 1^ / 

Using (|9.5p and the relation between A and B, this gives 

4M 

Positivity of M thus implies A > —a and we therefore have shown that there is a 
unique positive A G R which satisfies all the constraints. 

Consequently, by our ansatz we are able to fix all the parameters in terms of a, 
P, L, that is in terms of the given data, and the patching matrix is 

/ 



Pi 



A 



L 



\ 



2{z + a)iz^f3) 



tt{z + a){z - l3) 

z^ — + 6 
'{z + a){z-l3) 







2{z + a){z-P) 



V 



where 



7 = /3 + yl, S = -a^ + 13A + A^. 

Note that A and A are zeros of the same polynomial and are restricted by the same 
inequality involving the mass, so this is the patching matrix for the black ring with 
the conical singularity not fixed, see (|9.19p n For the regular black ring the angular 



'I am grateful to Harvey Reall for suggesting this possibility, which turns out to be correct. 
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momentum can also be expressed in terms of a and /3. We will see in Section 110.51 
how this can be done in the twistor picture. 



10.2. Local Behaviour of J around a Nut 

For the general case of a rod structure with three nuts and especially as the number 
of nuts gets higher, one will find it increasingly difficult to reduce the number of free 
parameters to a minimum and would therefore like to obtain more constraints from 
the inner rods. With this desire in mind it would be useful to have an understanding 
of how the patching matrices with adaptations to adjacent rods arc related to each 
other. We have seen an example in Theorem 1 10. 61 which can be considered as such 
a switch at the nut at infinity. The proof gives an idea of what is happening when 
changing the adaptation, yet it will be more difficult for interior nuts, that is nuts 
for which \ai\ is finite. 

A strategy of how to achieve this is describred in Fletcher [l^, Ch. 3]. There 
the essence is that "... redefining the sphere Sq and Si by interchanging double 
points alters the part of the real axis to which the bundle is adapted." [l6|, Sec. 3.2]. 
However, as the example in [Til Sec. 5.1] shows, this comes down to a Riemann- 
Hilbert problem which will be rather hard and impractical to solve in five or even 
higher dimensions. Thus we will approach this task in a different way. The idea 
is that we start off as above on the outermost rods where \z\ — > oo, determine as 
many free parameters as possible by the constraints which we have got on these 
rods, then take the resulting P-matrix (still having free parameters in it which we 
would like to pin down), calculate its adaptation to the next neighbouring rod and 
apply analogous constraints there. But before looking at the patching matrix itself 
let us first study how J behaves locally around a nut. 

Consider first a nut where two spatial rods meet, that is like in Figure [5l 



_a_ 



_d_ 

dip 



v = 



Figure 5. Two spatial rods with their rod vectors meeting at a nut. 



Without loss of generality assume that the nut is at z = 0. In this case a suitable 
choice of coordinates are the (u, w)-coordinates defined as 

r = uv, z = 2^''^'^ ~ = —z ± \/ r'^ + z^, v"^ ^ z ± \/r^ + z^, 

where the signs on the right-hand side are either both plus or both minus. If we 
choose both signs to be plus, then the rod d,^ ^ corresponds to u = and to 
V = 0. The metric in the most general case has the form 

ds^ ^Xdt^ + 2Y dtdip + 2Z dtdi' + Udip^ + 2V difd^P + W d^A^ 

(10.16) 

+ c^''{u^ +v^){du^ + dv'-), 
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or equivalently 

I X Y Z \ 
J{u, v)= ■ U V ■ 
[ ■ ■ W I 

We assume that i/; have period 2tt. 

Theorem 10.11. For a space-time regular on the axis the generic form of J in 
{u,v)- coordinates around a nut, where two spacelike rods meet, is 



J 



and, furthermore, one needs 



V ■ 



(10.17) 



1 as a function of v on u — 0, 

1 as a function of u on v = 0. 

If one of the rods is the horizon instead of a spacelike rod corresponding statements 
hold. 

The second part of the theorem is closely tied to the problem of conicality, which 
we will investigate shortly. 



Proof. Introduce Cartesian coordinates 

x = ucos(j), y~us\n(j), z~vcosip, w — vsmip, 



(10.18) 



then the metric becomes in these coordinates 



Y 



Z 



U 



ds^ = Xdf' + 2— dt(xdy - y dx) + 2— dt(zdw ~wdz) + —r(xdy -ydx) 

V W 2 

+ 2 .;, {xdy — ydx){zdw — w dz) H j{zdw — w dz) 



1 



+ e (w + w ) -^(xdx + ydyY + -^(zdz + wdw) 

(10.19) 

The X, y, z, w are not to be confused with the earlier use of the same symbols. Set 
Xq = X. Now as u — > for constant v we immediately see that in order for gty 
and gxw to be bounded we need Y = u'^Yq and V = v?Vi for bounded Fq, The 
remaining singular terms are 

^{xdy - ydxf + c^^iu^ + v^)X;{xdx + y dy)"^ . 

For the fourth-order pole not to be dominant we need U — u^Uq for bounded Uq; 
then it is required 

=1 as a function of v on it = (10.20) 
to remove the remaining second-order pole. 



■^Remember that for polar coordinates (u, <j)) the angle ^ is bounded in the limit to but not 
continuous (or even differontiable) at the origin n = 0. Thus — is not bounded towards the origin. 
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Repeating this for w — > with fixed u yields Z = v^Zq, V\ = w^Vb, W = v'^Wq 
and 

° =1 as a function of u on v ~ 0. 

This is the minimum that we can demand in terms of regularity of J on the axis 
and near the nuts. 

Assuming now without loss of generality that in Figure O the axis segment where 
w = is the horizon, we have seen in Chapter \E\ that then the first row and first 
column degenerate. So, we substitute 

z ~ V cosh(ajt), w — V sinh(a;t), 

where w is a constant with no further restriction. The coordinates x and y choose as 
in pO.lSp . Now the above argument works analogously with all results equivalent, 
but 

„ ^ = —u}^ as a function of w on w = 0. 



10.3. Conicality and the Conformal Factor 

Returning to the case as depicted in Figure [U we saw in (|10.20p that regularity at 
an axis seqment where dip vanishes forces a relation between and the conformal 
factor e^'^ of the (r, z)-metric. In this section we first establish the following. 

Proposition 10.12. On a segment of the axis where u ^ we have J^°.^^ = 
constant. 

Proof. To prove this we need to consider how the conformal factor varies on 
the axis and this is obtained from (|5.19|) which we may write as 

(log (re^-)) = I tr [J-^J^J-^J^) . (10.21) 

It will be convenient to work with x = u + iv where ^ = z+\r = ^^'^ concentrate 
on the conformal factor of the (m, i))-metric which is {u^ + v'^)e^'^ by p0.19p . Then 

(log {{u^ + v^) e^-^)) = (log {{u^ + v^) {uvy^rc^'')) 

= 7^ + 7r + TT, r tr (j~^J^J-^J^) . 

X 2u 2v 2{u + iv) ^ ^ ^' 

Close to the axis segment u = we substitute from p0.17p and expand in powers 
of u to find 

(log {(u" + v^y^))) = i - ^ + ^ + (^^^+ 0(1)) , (10.22) 

where 

ifi = (C/o (XoM^o - v'^zDf ^l + ^O (u^) , 

K, = {U,{X,Wo-v'z',))'^. 

The right hand side of the first equation follows from the determinant 
u^v^ = det J = u^v^XoUoWo - u^v^UqZ^ + O {u*) , 
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hence 



Taking in p0.22p the Umit on to ?.t = we obtain just 

a„(log(i;2e2'')) =a.log(C/o), 

so that 

4^. constant on . = 0. 



Thus p0.20p will hold at all points of the axis segment if it holds at one. The 
following proposition is an analysis similar to [U, App. H], but it is simpler and 
more self-contained to rederive it than translate it. 

Proposition 10.13. As a function on the axis {u = 0} U {v = 0}, that is as a 
function of one variable, the factor (u^ + f ^) e^'^ is continuous at the nut u = v = 0. 

Proof. Near the nut introduce polar coordinates 

M = i?cos6, w = i?sin8, 

so that from p0.2ip and with the help of 

uvdz — vdu — ti9„, uvdr = ud^ + ^4 ~ 2 ''^^ ^ 

we get 

9e (log {{u^ + v^) e"")) = [ud, - vdu) (log {{u' + v') e^-)) 

,2 I ,,2 



[ud, - vdu) (log - rd,- (log (re^"-)) 



V u 4 

u V uv , _i _i _i _i 

T~ tr((/ JuJ Ju J Jv J Jv] 

V u A ^ ' 

Again we expand this using (|10.17p to find 

9e (log {{u- + v^) e-)) =--^+l-l{Uo {X^W, ~ v^Z^f 

+ ^ (Wo (XoC/o - u'yS))^ + 0{u) + 0{v) 
= 0{u) + 0{v) = 0{R). 
Now the jump in log (u^ + w^) e^" round the nut is 



A (log ((^2 + „2) ^2.)) ^ lij^^ / ^i^g ^^^2 ^ ^2-) ^2.-)) ^ 0^ 

^^■0 Jo 

and [u^ + v^) e^'' does not jump either. 

On u = 0, ?7o is continuous and by Proposition 110.121 Ji^'i^ = constant, so v'^e^'^ 
must be bounded there. Similarly, on w = for Wq and 4^. Thus, ( + v"^) e^^ 
is continuous on the two rods and has no jump across the nut, so it is continuous 
on the axis. □ 
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The strategy for removing conical sigularities is now clear: We start by assuming 
that (p f^nd "0 both have period 27r. On the part of the axis extending to z = +oo, 
where the Killing vector vanishes, wc have J^^2u = constant by Proposition ll(J.l21 
and the asymptotic conditions we are imposing make this constant one. The corre- 
sponding statement holds on the part of the axis extending to z = — oo for the same 
reason. When passing by a nut between two spacclike rods we may suppose, by 
choosing the basis of Killing vectors appropriately, that vanishes above the nut 
and below and we know by Proposition 110.151 that {v? + w^) e^^ is continuous 
at the nut. If there is no conical singularity above the nut we have J^°2v ~ 1 there 
and we want = 1 below the nut. Therefore we require the limits of Uq from 

above and Wq from below to be equal. 

Corollary 10.14. With the conventions leading to pO.lTp . the absence of con- 
ical singularities requires 

lim Uq = lim Wq. 

This is what we have just shown. At a nut where one rod is the horizon we do not 
obtain further conditions as we have no reason to favour a particular value of w. To 
see how this is applied to the case of the black ring we need a better understanding 
of going past a nut. 



10.4. Local Behaviour of P around a Nut: Switching 



In this section we establish a prescription for obtaining the matrix P- adapted to the 
segment of the axis below a nut from the matrix P+ adapted to the segment above. 
We call this process 'switching'. Once we have the prescription we can impose 
the condition of non-conicality found in Corollary 110.141 We then apply this to 
the black ring, but it is clear that with this prescription we have an algorithm for 
working systematically down the axis given any rod structure so that we obtain 
all the matrices Pi adapted to the different rods labelled by i. The result is the 
following. 

Theorem 10.15. Let at z ^ a be a nut where two spacelike rods meet, as in 
Figure\^ and assume that we have chosen a gauge where the twist potentials vanish 
when approaching the nut. Then 



( 



P 



1 



2{z - a) 








p^ 



\ 2{z 



[z — a) 

where P-^ is adapted to u = and P_ is adapted to v = 0. 



2(z-a) \ 

1 
y 



We begin by motivating this prescription from a consideration of (|10.16|) . First 
calculate the twist potentials in the same way as in Chapter O The metric (jlO.lGp 
can be rearranged in orthonormal form 

ds^ = X{dt + ujidip + UJ2 d^f + U{dLp + VL d^f 

+ Wd%lj^~c^''{dr^ + dz^). 
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SO 



The orthonormal frame is again 

6»2 = d^p, 6*3 = e" dr, 9'^ = e'' dz, 

Xuji = Y, Xuj2 = z Xujiuj2 + un = v, 

U + XloI = [/, W + Un? + XujI ^ W. 

Adapted to 9^ = 0, then for small r it is Z,V,W & Oir"^), hence uj2,^,W e 0{r^)% 

and the other terms 0(1). This implies ^ ^> 1 as r — > 0. 
Now the 1-forms are 

dt^T = x^e^, d^-f^ = ujiX^e°^-u^^e^, 

hence 

dxi = *(TA $ AdT) = *(X^6'° A U^6^ A X du2 ^d'lp) 
dx2 = *(T A $ Ad$) = *(X^6i° A C756|i A (wiXdwa + U d^) hd^), 
which with ^(eo A 01 A 6*2 A 6l3) = e^"* leads to 

a,xi =e(X?7)5Xlim ^ 
dzX2 = eiXU)i lim 



We switch again to {u, w)-coordinates by using 



d d d d d d 

du dz dr ' dv dz dr 



On V — Q this yields 



9x 



Now ustjl 



a;2 = 4 = 4^ and 14^ = w^Wq + 0(f'*), 

A Ao 



%n order to see that C e OCr^), derive from X e 0(1) and C/X = l/X - Y'^ that f7 G 0(1). 
'^NB: If we did not have Z = Zq already, then we could impose it here without loss of generality, 
since a smooth metric invokes smooth twist 1-forms, but xi becomes singular for v — > if only 
Z = vZo. 
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to obtain 



-.1 2vZo ^ {XoUy Zo 



2e- 



^ 2e 



Wo 

Analogous steps lead to 



dx2 
du 



= udXlJ)^ lim 
dz f^o 



YqZq 



2eVo 



UoXo 



, 



u'Yr 



Wo 

X2 = X2 + x\u^ + h.o. 



u'^ + h.o. 



For u = wc only have to swap y -f-?- Z, [/ o W. With ~ 2^ the above can be 
summarized as 



P_{r = 0,z) 



2z 



\ 



Xo + Oiz) 2zYo + Oiz^) 
2zUo + 0{z^) 



where = {XqUq — 2zYq )^^ . Note that here we dropped without loss of generality 
the constant terms of the twist potentials x^*- This can be done just by a gauge 
transformation to P of the form P APB with constant matrices A and S, namely 



P 



( 
\ 



1 

-C2 





1 ) 



p 





I 



Cl 


-C2\ 


1 








1 / 



For P in standard form this results in Xi — > Xi + • Removing the constant term in 
the twist potentials allows us to assume that without loss of generality the entries 
which become zero or blow up towards a nut are only on the diagonal. The off- 
diagonal entries are bounded towards the nut. 

Without loss of generality assume that the nut is at a = 0. Then the calculations 
above show that to leading order in z the patching matrices below and above the 
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nut are 



P_ 



1 

2zXoUo 



{UoXoWoY'' 



Vqz 

2zYo 
2zUo 



(10.23) 



Using that det J 



2zXoWo 



{UoXoWoY'' 



Voz 



{UoXoWoY^^ 
-2zZo 
-2zWo 



(10.24) 



,2, ,2 



in p0.17p and thus XqUqWo = — 1 to leading order in z 



we see that the switching is correct to leading order in z. (This is consistent with 
the different adaptations we calculated for example for the Schwarzschild space-time 
or flat space, see Section [HUl) 



Proof of Theorem 110.151 To prove Theorem llO.lSl the strategy is to follow 
the splitting procedure outlined in Section [8.41 

We first observe that splitting P+ as in ()10.23p will lead not to J(r, z) as desired, 
but to J(r, z) with its rows and columns permuted. This can be seen by looking at 
the diagonal case. To obtain J(r, z) with the rows and columns in the order {t, 0, ip) 
we need to permute 



_ / 1 

P+-^ P+= EiP+Ei with £^1 = 1 

\ 1 

Similarly for P_ by (110. 24p . we permute 

_ / 1 

P^ ^ P^= E2P-EI with P2 = 1 

\ 1 

Note that now the prescription in Theorem 110.151 translates to 













\ 


p1 = DPId with D = 





2z 









1° 





1 

2^ 





'Chosen the right orientation for the basis such that the signs which are recorded by e work out. 
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Recall that we have set a 
matrices 



0. Following Chapter [51 to obtain J we split the 







r 

c 

\ 



\ 








1 




1 / 

\ 



r 

C / 



1 




1 
1 





-rC 
IJ 

^ 




(10.26) 



rC J 



The location of the diagonal entries which are not one is dictated by the position of 
the Killing vector which vanishes on the section of axis under consideration within 
the basis of Killing vectors {dt, d^,d^) . In the language of Section [STU the integers 
{po,Pi,P2) are, as we know, a permutation of (0,0, 1) and the location of the 1 is 
determined by the prescription just given. 
Assembling ()10.25p and (|10.26p to 



P_ 



where 



fl 









r 

2< / 



AP+B, 



B 





2z 









all that is needed for completing the proof is to show that splitting the left and right 
hand side of this last equation yield the same J-matrix. To perform the splitting, 
we replace all appearances of z by w and make the substitution (|7.14p . Note that 



so that 



2u;C 
r 

_2w 



{uC + v){u ~ vC) ^ ^ 
uv 

1 (mC + v){u — v() 



uv 



0(0, 



Thus A{z, r, (^) is holomorphic and nonsingular in the neighbourhood of C = with 
yl(z,r, 0) ~ id, and B{z,r,(^~^) is holomorphic and nonsingular in the neighbour- 
hood of = with B{z, r, 0) = id. Consequently, if splits as 



P^ 



Klir,z,0{K^'{r,z,C')) \ 



with holomorphic and nonsingular in the neighbourhood of = and 
holomorphic and nonsingular in the neighbourhood of = 0, then a splitting of 
P_ is given by taking 



P_ = {K[ 



with K°_ = AKZ, K°° = B-^KZ 



10.5. APPLICATION TO THE BLACK RING 
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The corresponding expressions for J are 

J^J^{r,z)^Kl{Q) {K^{0))-' 

and 

J = J_(r,z) =A'^1(0) (AT(0))"' = A(r,z,0)J+(r,^)B(r,z,0) = J+(r,z). 
These are the same. □ 

10.5. Application to the Black Ring 

Now we see how to apply the prescription for switching and the discussion of con- 
icahty to P{z) for the black ring as in (|9.19p . We are interested in the nut with 
largest z-value, which is the one at z = /3. The first step is to make an additive 
shift to the twist potential x to ensure that the term P12 in (|9.19p is finite at z = /3. 
This needs 

x^x + c, c 



when 



P12 P12 — CPii — P] 



12 



v{z + A) 



{P + \){z + a){z - 13) {z + a){p + \y 



which is indeed finite at z = /3, and 
P22 ^ P22 ^ 2CP12 + C^Pii = 



m) 



where /i = 



K^{2b-c + bc) 



(z + a)' ^ (1 + 5) 

which is also finite at z = /3. We are in position to make the switch as in Theo- 
rem [THnSl with (3 in place of a and the result is 

/ , „^ \ 





P2 - 



(z + a) 



2{z-a){z- P) 



(z + a) 





2i/(z - 13) 
7(z + a) 

,(z + A)(z-/?) 



v 



(z + a) 

We have completed the switching and obtained ^2(2), the transition matrix adapted 
to the section of axis a < z < /3. We could continue to find the transition matrix 
adapted to the other segments but that is straightforward and we do not need it. 
Instead we shall return to the question of conicality addressed in CoroUarv 110.141 
Compare with Theorem 1 1 . 1 1 1 to find from Pi that 

2{z + a){z-/3) 



where now 



[z — a) 
-2(z — f3) and from P2 that 

2(z + X){z-l3) 



(z + a) 



where now it^ = 2(z — /3). CoroUarv llO. 141 implies that there is no conical singularity 
on the axis section a < z < /3 provided 



hm Wo 



lim Uo, 
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which here requires 

/3 + A _ p + a 
f5 + a P — a 

Using (|9.20p this condition can be solved for b as 

2c 



h = 



1 + C2 

which is known (or [m, Eq. (6.20)]) to be the right condition. 



CHAPTER 11 



Summary and Outlook 

In this work we have presented a possible way for the reconstruction of five- or 
higher-dimensional black hole space-times from what arc at the moment believed to 
be the classifying parameters, rod structure and angular momenta. The method is 
based on a twistor construction which in turn relies on the Penrose- Ward transform. 

Our idea assigns a patching matrix to every rod structure where, apart from the 
possible poles at the nuts, the entries of the patching matrix have to be rational 
functions with the same denominator A — Chapter 1101 By imposing boundary 
conditions the aim is to determine all the coefficients of the polynomials in the 
numerator of these rational functions in terms of the nuts and angular momenta. 

However, with an increasing number of nuts one needs increasingly sophisticated 
tools and it is of particular importance to gain a detailed understanding of how the 
patching matrices, adapted to two neighbouring rods, are related. In Theorem llO.151 
we show how to do this and Theorem 110.61 provides this statement for the nut at 
infinity, that is, it relates the patching matrices which are adapted to the outer rods. 
By means of that we are able to reconstruct the patching matrix for a general two- 
nut rod structure (up to one restriction on the parameters for the physical Myers- 
Perry solution) and we can show that a three-nut rod structure with one Killing 
vector hypersurface-orthogonal fixes, together with a given angular momentum, the 
space-time to be the black ring. 

Also in Chapter 1101 we discuss conical singularities on the axis and show how to 
obtain necessary and sufficient conditions for their removal. Applying this to the 
black ring we obtain the known relation between the parameters. In particular, 
this implies a relation between the rod structure and the asymptotic quantities for 
a non-singular solution known to exist. 

Further questions which are interesting to pursue in this context are for example: 

Which rod structures are admissible? In other words, are there any restrictions 
on the rod structures which one allows in the set of parameters? 

Can we construct a Lens space-time this way, that is a space-time whose horizon 
is connected and has the topology of a Lens space 0, Prop. 2]? We know what the 
corresponding rod structure looks like, but are we able to fix enough parameters 
and can we see whether the resulting patching matrix does give rise to a space- 
time without singularities? The latter question seems to be difficult to address as 
by the analytic continuation one can guarantee the existence of the solution with 
all its nice regularity properties only in a neighbourhood of the axis, but further 
away from the axis there might be so-called "jumping lines", where the mentioned 
triviality assumption of the bundle does not hold. 

How many dimensions does the moduli space for an n-nut rod structure have? 
Can we find upper and lower bounds on that depending on the imposed boundary 
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conditions? This also does not seem to be an easy questions as most of the con- 
ditions we impose on the patching matrix are highly non-linear, for example the 
determinant condition. 

Which parts of the theory extend to higher dimensions? Wc have already pointed 
out along the way that some statements straight-forwardly generalize to more than 
five dimensions as well, but some others do not. A closer look at those points is 
certainly interesting. 

Also stepping a dimension down leads to a question for which this set of tools 
might be appropriate. Are we able to disprove the existence of a double-Kcrr solu- 
tion in four dimensions? It is conceivable that for example the imposed compatibility 
requirements as one switches at the nuts lead finally to an overdetermined system 
of conditions and thereby provoke a contradiction. 



Appendix 



A. Conformal Metrics and Null Separated Points 

We show that two symmetric (0,2)-tensors are conformahy equivalent if and only 
if their sets of null vectors are identical (assuming that we have a bijection or a 
diffcomorphism between the underlying manifolds). If the (pseudo-) metrics are 
conformally equivalent, then the null vectors arc obviously identical. Conversely, 
if we know that the (pseudo-) metrics gi, g2 leave the null cones invariant, then 
timelike or spacelike vectors, respectively, in gi correspond to timelike or spacelike 
vectors, respectively, in 32 • Wc are interested in the Lorcntzian case, and choose an 
orthonormal tetrad eg, ei, 62, 63 for 171 such that eg is timelike and ei, 62, 63 are 
spacclikc. By the assumption that null cones are preserved this is also orthogonal 
tetrad for 32, and 

gi(eo, eo) = 1 ^ 52(60, eo) = A > 0, 

5i(ei,ej) = l 32(64,64) = /ij < 0, i = 1,2,3. 

Moreover, eo + is null for gi hence for 52 

= .92(60 + ei, eo + ei) = 32(60, eo) + 2^2(60, e^) + g2(6i, e^) 

= ,92(60, 60) + ,92(6i, ei) = A - ^i. 

This shows that all nonzero coefficients for g2 are the same, that is 91 and g2 arc 
conformally equivalent. 

B. Characterization of Simple Bivectors 

A bivector x"^ is simple 4^ Sap-ysx"^ x^^ = ^ ^Xa^x"'^ = 0. 
Proof. x°'f^ is simple =^ eai3fSX°'^x^^ = 0: 

Ec^fl^Sx'^^X^^ = Sa^fi-ysiZ'^Z^ - Z^Z°'){Z^Z^ - Z^Z^) 

= So^fs^siZ" Z'^ Zl^ - Z"Z^Z'^Z'^ 

- Z^Z'^Z'^Z^ + Z'^Z^Z'^Z^) 
= Ae^p^sZ"' Z^ Zf^ Z^ 
= 0. 

*Xapx°'^ = ^ x°'^ is simple: First note that x°'^ has to have rank 0, 2 or 4, 
because it is skew-symmetric (its non-degenerate part defines a symplectic bilinear 
form and symplectic vector spaces are even-dimensional). This implies that if x 
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has an eigenvector with eigenvalue 0, then x has to be of rank 2 or 0. Supposing 
that x"^ is nonzero we can set 2 rows and 2 columns zero. But then x has to be of 
the form x"^ = Z^^Z^^^. It remains to show that such an eigenvector exists. Using 
relations for the alternating symbol one can verify that 

for bivectors x"^ , y"^ . Setting y"^ = ^x"^ and using *^ = 1, = — 1 yields 
immediately 

*XapX^'^ ~ ^Xapx"^ = 0. 

So, our assumption implies that x^'^q^ is an eigenvector with eigenvalue for an 
arbitrary q^. □ 



C. Computation for Reduced Einstein Equations 

Using (|5.15p and the Ricci identity we obtain 

Expanding by Leibniz rule 

1 

2 _ 



and using (|5.14p together with the expression for the Laplace-Beltrami operator 
this yields 



2 v^i^, ' 2 V ^ — 

Some further substitutions and cancellations lead to 
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and eventually 

as claimed. Note that the covariant derivative for the functions Jik is the same as 
the partial derivative. 

D. Isothermal Coordinates 

Isothermal coordinates on a manifold are local coordinates where the metric has the 
form 

ds^ ^e^-^Cda;^ + ...da;^) 

with a smooth function. In the real case the manifold should be Riemannian so 
that isothermal coordinates are conformal to the Euclidean metric. 

For a 2-surface isothermal coordinates always exist locally, which can be seen as 
follows. The coordinates r and x are isothermal if they satisfy 

*dr = Ax 

where * is again the Hodge star operator. Suppose A = d(5 + (5d = M is the Laplace- 
Beltrami operator on functionsjj then by standard elliptic theory, we can choose r 
to be harmonic near a given point, that is Ar = 0, with non-vanishing gradient 
dr. In our case we were given such an r. By the Poincare lemma *Ar = dx has a 
local solution x if and only if d * dr = 0. Because of 5 = *d*, this is equivalent to 
Ar = 0, thus local solutions exists. From the facts that dr is non-zero and *^ = — 1 
on 1-forms, we conclude that dr and dx are necessarily linearly independent, and 
therefore give local isothermal coordinates. 

In our case the overall sign of the metric is not fixed, because we only asked the 
orthogonal 2-surfaces to be non-null. But the exclusion of null vectors still leaves 
two possibilities for the signature, -|-) or (— , — ). 

E. Integrability of Einstein Equations 

The second part of the reduced vacuum Einstein equations (15.191) are in full 

2id^{\ogre^'') = rti{d^J-^d^J), 

-2ia^-(logre2'') = rti{d^J'^d^J). 

By use of (|5.11|) and the constraint dot J — — r^, we have to show that they are 
integrable, that is 

d^d^{\ogre^'^) = 9^9^(logre^''), 

which is equivalent to 

% {rtiid^J-^d^J)) + {rti{d^J-^d^J)) = 0. (Appl) 



Here S denotes the codifFerential according to the differential d. As the codiffcrcntial lowers the 
grade of a form, we get on functions Sr = 0. One can proof that Vn V and dS + 5d are equivalent 
when acting on scalar functions. 
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With 

dx Ot 1 1 

^« = + ae^^ = + 2i^- 

Ox Or 1 1 

9f = -^dx H =dr = -dx — —dr, 

^ 2 2i ' 

we first rewrite (|5.1ip in the following way 

^ d^{rJ-^d^J) + di{rJ~^d^J) 

= \{dx + \dr){r.rHdx - i\dr)J) + \{dx - \dr){r.r\dx + l\dr)J) 

= dx{rJ-^dxJ) + dr{rJ~^drJ) 
This is applied in the following form 

2rJ-^d^d^J = -rd^J-^d^J - rd^J-^d^J - ^(J-^a^-J - J), (App2) 

where the derivatives act only on the variable immediately to its right if no further 
parenthesis indicate it differently. Note that by dA"^ = —A~-^{dA)A~^ for a matrix 
A, equation ( |Appl[ ) is equivalent to 

d^{rtv{{J-^d^jf)) (rtr((J-ia^-J)2)) = 0, 

which can now be proved with ( |App2p by expanding the derivatives 

d^{rtY{{J-^d^jf)) (rtr((J-i9j-J)2)) 

_ 1 
^ "2i 

+ 2rtr {{J-^d^d^J){J-^d^J)) 



tr ((J-^a^ J)2) + 2r tr {{d^J~^d^J)iJ"^d^J)) 



+ jAr {(J'^d^J)^) + 2rti- {{d^J-^d^J){J-^d^J)) 
+ 2rtr {{J-^d^d^J){J-^d^J)) 

tr {{J-^d^jf) + 2r tr {{d^J-^d^J){J-^d^J)) 

+ tr (^{-r{d^J-^)d^J - r{d^J-^)d^J - j^{J-^d^J - J-^d^J)){J-^d^J)^ 
+ ^tr {(J-^d^jf) + 2rti- {{d^J-^d^J){J-^d^J)) 



2i 

+ tr {-r{d^j-^)d^j - r{diJ-^)d^J - j^{J-^d^J - J-^d^J)){J-^d^J) 



= 

All terms cancel so that ( |Appl[ ) is integrable. 

F. Criterion for Orthogonal Transitivity 

We use the following theorem. 

Theorem. Let Xi, i = l,...,rt — 2, be n — 2 commuting Killing vectors in an 
71-dimensional real or complex manifold such that 
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(1) the tensor X^^'X!^'' ■ ■ ■ X'^^'^2'^^ vanishes at least at one point for every 
i = 1 , . . . , 71 — 2 and 

(2) the tensor X-RJ-''X^'X!^' ■ ■ ■ X^T^'^ = for alH = 1, . . . , n - 2, 

then the 2-planes orthogonal to the Killing vectors Xi, i = 1, ... ,n — 2, are inte- 
grable. 

For dimension four this is proven in [45,, Thm. 7.1.1] using Frobenius' theorem 



on integrable submanifolds; the generalization is due to Emparan and Reall 11|. 
In the Einstein vacuum case condition ^ is automatically satisfied. Condition 
(III) is moreover satisfied if for example one of the Killing vectors corresponds to an 
axisymmetry, hence it vanishes on its "rotation axis". If we suppose both holds, then 
the obtain the metric in the cr-model form. In the real case we want our space-time 
also stationary (to get isothermal coordinates on space-time modulo symmetries). 

G. Conical Singularities 

Suppose we parameterize the flat, real, three-dimensional space in conical coordi- 
nates. Then the metric takes the form 

da-^ + dy"^ + dz^ = dr^ + k'^r'^dip'^ + dz^ , 

which is singular at r = 0. Apparently, this is only a coordinate effect. So, con- 
versely given a metric 

dr^ + k^r^difi^ + dz^ 

we can deflne x ~ r cos 9, y ~ r sin 9,9 = k(p so that 

dr^ + fc^r^d(^^ + dz^ = dx^ + dy"^ + dz^ . 

However, this requires that the periodicities of and 9 are in a ratio of If they 
do not have the correct periodicity, then a singularity at the apex {z = 0, r = 0} 
appears which is of the form "Riem = That is, there are diffeomorphism 

invariant quantities which become singular at the origin but their limit towards it 
is finite. Lastly, a short picture how the above form of the metric relates to the 
picture of a cone. In cylinder coordinates 

dF? + E^dkp^ + dZ^ 

a cone with aperture 2a is given by Z = i? cot a, see Figure[TJ With dZ^ = dR^ cot a 
the metric on the cone becomes 

sin"^ a dR^ + R^d^p^ = dr^ + sin^ a r'^dtp^ 

where R = rsina. This is exactly our conical parameterization of the (x, ?/)-plane 
above with the relation fc^ = sin^ a. 

H. Rod Structure of Schwarzschild Solution 

With the substitution 

z={R- to) cos e, r = - 2TOi?)* sin 6, i = T, 9 = ^ 
for the Schwarzschild metric 
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Z 



A 




y 



Figure 1. Cone with aperture 2a. 



we calculate 



{z + m)^ = (i?cos0 + m(l — cos0))^ 

= cos^ e + 2mi?cose(l - cos 9) + m^(l - cose)^ 
{z — m)^ = (i?cos0 — m(l + cos0))^ 

= R^ cos^ e - 2mR cos 6(1 + cos 9) + 771^(1 + cos e)^ 

= i?2 sin^ 6 - 2?7ii?sin2 6. 



+ {z + mf = + 2mi?(cos e - 1) + 771^(1 - cose)^ 



+ {z~ mf = R^ ~ 2mi?(cos 9 + 1) + m'^{l + cos 8)^ 



This yields 



(i? + ™(cose- l))^ 



{R-m{cosQ + l)f 



and therefore 



r+ + r_ = 2i? 



2m and / 



2i?- 4m 



1 



2m 



R 



But from the metric we see 




and 



giX,X) = -R^ sin^e 



- 2mR)R^ sin2 6 
i?2 _ 2mR 



- 2mi?) sin2 6 



2 m 



Then J takes the desired form. 



I. GENERAL BACKLUND TRANSFORMATION 

I. General Backlund Transformation 

Starting from the given decomposition we havc0 

A-^ \ V 1 B 

^ B 1 1 yoA-^ 

and 

5„ J = - 
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1 B 

i-i 

where a e {w, z}. This yields 




-ABr,AB - Ar,A-^ 



-AB„A 



y BABaAB + A-^A^B + BAo^A-^ + B^ BAB^A + A-^Aa j 

From this we can read off the form of Yang's equation (j5.2p . The (12)-entry of the 
matrix yields 

dMBzA)-dUAB^A)^0, 
which is the second equation in (j8.2p . Using this we get for the (ll)-cntry 

AB.AB, + dMzA-') - AB^,ABu, - d.^{A.aA-^) = 0, 

which corresponds to the last equation in (j8.2p . Again using AB^A = we get for 
the (22)-entry 

B,AB,A + dM'^A,) - By^AB^A - dUA'^A^) = 



Using 



(r 


^ 




A 










-BA 


I) 
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corresponding to the third equation in (j8.2p . Lastly, with the vanishing of the 
(ll)-entry we obtain for the (21)-entry 

= {BAB,A + A-^A,)B, + {BA,A-^), + {A-^),Ab, + A-\AB,A),A~^ 

+ BiA{A'~^)^ ~ {z,z ^ w,w) 

= A-'A,B, + B.AzA-' + iA-'),ABs + B-,A{A~^), 

+ A^^{ABiA)zA^^ - {z,z ^ w, w) 

= A~'{A,B, - A,B,) + [B.Az - B,A,)A'^ 

+ A~'^{ABiA)^A~'^ - {z,z ^ w, w). 

Multiplying with A from left and A from right gives 

= {A^B, - A,Bi)A + A{B,A~, - B,Az) + [AB-.A), - (z, z o w, w) 

= {AB,A)i - Ab.^A - {ABiA), + Ab,-zA + (ABiA), - (z, z o w, w) 

= (Ab.A), - {AB^A)i,, 

that is the first equation in (|8.2|) . 

J. Reduced Backlund Transformation 

To obtain the reduced form of the Yang's equation in terms of the Backlund de- 
composition we proceed as above. By taking a G {r, x} wc immediately get the last 
three equations and the part with the x'-derivatives in the first equation. Only the 
r-derivatives in the first equation need a closer look. But there we have in the same 
way as above 



r{BABrA + A-^Ar)Br + {rBArA-^)r + {rA-^ABrAA-% 
= rA-'^ArBr + rBrArA-^ + r{A-^)rABr + rBrA{A-'^)r 

+ A-^{rABrA)rA-^ 
= rA-^{ArBr - ArBr) + r{BrAr - 5^^^)^"^ + ^ (r A)^ 
= A-\rABrA)rA-\ 



which yields the claimed form of the equations. 

J.l. Two-Nut Spacetime: Parameter Configurations. Given the set of 
parameters (a > 0,Li,L2), we would like to sec whether the mass, that is C3, is 
uniquely determined. If we set x — c^, then from p0.13p we get 



with 2Lj = TrLj and = + L2 . This is equivalent to finding the positive zeros 




2 



of 



F{x) := x^ - Wx* - 



K. IMPLICATIONS OF HYPERSURPACE-ORTHOGONALITY 
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Rewrite this as 



F{x) = {x^ 



Wx-L^)+K, where K = I {Lj ~ LlY > 0. 



G{x) 



Now 



G'{x) = x^ (6x^ - Wa^x - 3L^) 



Since g{x) is a third order polynomial with positive leading coefficient, and negative 
value and slope for a; = 0, it has to have precisely one zero for a; > 0. Therefore, 
G{x) has precisely two extremal points for x < 0, a saddle point at the origin and 
precisely one minimum for x > 0. At this minimum it is 

1 



8 2 
-ax- 



hence 
G(x)| 



a;min>0 



= I ^a'^x + \l' 



4 2 1?2 
— -a X — -L 



Finally, we see that 



2 
32 



,>o 



= -^a^x^ -2a^L^x 
9 



a^x^ 



2a^Dx - < 



2 ?2 



and because G(0) = 0, we conclude that with no conditions on {a > 0, Li, L2) there 
are two positive solutions for x (unless Lf ~ when there is only one). 



K. Implications of Hypersurface-Orthogonality 

A Killing vector K is called hypersurf ace- orthogonal if K is the normal of a hyper- 
surface. By [4^, Thm. B.3.2] this is equivalent to the vanishing K A dK, where we 
denote the Killing 1-form by K as well. To sketch how this implies the vanishing of 
certain metric coefficients we write in our case 

^ = gt^ dt + g^,i, dip + g^^ dip, 

then 

d^* ~ gtip.r dr A dt + g,p-,p^r dr A diy9 + g^^^r dr A dip + r -n- z 
and ^' A d*!* = is equivalent to 

9ipip dg*^ = gttp dg^^, 

gip-4> dgtiji — gt-i}: dg^^ , 

g-ipi, dg^p^ = g^^ dg^^ , 

where d = d,- + dz- If all three of the metric coefficients are non-zero these equa- 
tions can be integrated easily, showing that all three metric coefficients have to 
be proportional. However, this is a contradiction with respect to the asymptotic 
form of the metric if we regard this set of equations for a region that extends to 
Vr^j-z^ — >■ 00. Thus, some of the metric coefficients have to vanish, and it is not 
hard to see that the only possibility, which is compatible with the asymptotic form 
of the metric, is when g^p = g^p^, = 0. 
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